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Abstract

Il presente lavoro, con un approccio astratto, presenta la teoria delle categorie
triangolate e delle dg-categorie pretriangolate, con l’obiettivo di introdurre
i problemi dei dg-potenziamenti e dei dg-sollevamenti. Entrambi hanno im-
portanti applicazioni in geometria algebrica: in particolare, si collegano al
problema dell’esistenza e unicità dei nuclei di Fourier-Mukai. Il risultato
principale della tesi è un teorema di unicità dei dg-sollevamenti, nel caso di
categorie con una successione eccezionale forte e piena di lunghezza 2; esso
è interpretabile come generalizzazione del teorema di unicità dei nuclei di
Fourier-Mukai per la retta proiettiva.
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Introduction

In the early sixties, A. Grothendieck and J.-L. Verdier introduced the notion of derived
category of an abelian category, as a tool for the development of algebraic geometry: in
short, the derived category D(A) of A is obtained from the homotopy category of cochain
complexes K(A) by means of a particular construction (called localization), in such a
way that any quasi-isomorphism of complexes becomes an isomorphism in D(A). In
their attempt to axiomatize the properties of these derived categories, Grothendieck and
Verdier came to the definition of triangulated category: a category of this kind contains
a class of special “triangles”, called distinguished triangles and characterized by a set of
axioms. The category K(A) is a prototypical example of triangulated category: roughly
speaking, its distinguished triangles are formed as sequences of complexes and chain
maps (up to homotopy) of the form

V
f−→W −→ C(f) −→ V [1], (0.1)

where V [1] is the shift of the complex V , and C(f) is the mapping cone of the chain map
f . By localization, these triangles pass to the derived category D(A) and give it a tri-
angulated category structure. Both derived categories and triangulated categories were
first developed in Verdier’s PhD thesis [Ver96], under Grothendieck’s supervision. Nowa-
days, they are a fundamental tool of homological algebra, and arise in many different
branches of mathematics.

Even if triangulated categories work fine in most situations, they have some intrinsic
drawbacks and bad behaviours, due to their very definition. An idea of this can be given
considering the homotopy category of complexes K(k) over a commutative ring k: even
if the mapping cone of a chain map is functorial when we work in the “strict” category
of complexes C(k), this good property is lost when passing to the triangulated cate-
gory K(k). Therefore, mathematicians began searching for “better” categories, in which
the problems arising in the context of triangulated categories could be reformulated:
differential graded (dg) categories proved themselves to be good candidates for such pur-
pose. In short, dg-categories are categories whose hom-sets are cochain complexes; this
allows to generalize cohomology on a “categorical level”, and leads to a rich theory.
Dg-categories were first defined in the mid-sixties, but the idea to use them as “enhance-
ments” of triangulated categories came much more recently. The first attempt in this
direction was made by Bondal and Kapranov, who introduced in [BK91] the notion of
pretriangulated dg-category: just using the differential graded structure of a dg-category,

ix



x INTRODUCTION

one may define abstract shifts and cones of (closed, degree 0) morphisms, which mimick
the properties of shifts and mapping cones of chain maps, and then form pretriangles as
sequences like (0.1), where however the morphisms are taken to be “strict” (just to give
the idea, this means essentially “not up to homotopy”). A pretriangulated dg-category
is defined to be a dg-category which contains pretriangles; the resulting theory turns out
to be much better-behaved than the theory of triangulated categories: for instance, in
pretriangulated dg-categories the cones are functorial (in a precise sense), whereas their
counterparts in triangulated categories are not.

An important feature of a pretriangulated dg-category is that its homotopy category
(obtained taking cohomology in degree 0) is triangulated; this clearly gives a way to
make use of pretriangulated dg-categories as hinted above (that is, as a new setting to
study problems which originate in triangulated categories), if we are able to solve the dg-
enhancement problem: given a triangulated category D, find a (unique, in some sense)
pretriangulated dg-category such that its homotopy category is equivalent to D. The
problem of dg-lifts comes immediately after: given an exact functor F : D → D′ between
triangulated categories, respectively enhanced by the pretriangulated dg-categories A
and A′, find a (unique, in some sense) functor F̂ : A → A′ – actually, a “weak” functor
–, called dg-lift, such that F is recovered from F̂ by taking cohomology in degree 0. We
remark that the above vague notions of uniqueness and of “weak functor” have to be
made precise, and this goal is achieved thanks to the homotopy theory of dg-categories,
developed by Toën in [Toë07]. Both problems of dg-enhancements and dg-lifts are of
current interest, especially with regard to categories arising in algebraic geometry, such
as the bounded derived categories of coherent sheaves Db(X) (here X is, in general, a
scheme). In particular, another result in [Toë07] links the problem of dg-lifts of exact
functors Db(X) → Db(Y ) to the uniqueness problem of Fourier-Mukai kernels of such
functors, studied recently by Canonaco and Stellari (see [CS11b]). This serves to us
as a motivation of the study of dg-enhancements and dg-lifts from an abstract point
of view: our main achievement is a uniqueness theorem of dg-lifts, in the case the
domain triangulated category is “simple”, namely, it is generated by a two-term strong
exceptional sequence.

As hinted, our approach throughout the thesis will be chiefly algebraic-categorical.
In Chapter 1 we introduce dg-categories and show the basic results of the theory. Chap-
ter 2 is dedicated to the already mentioned notion of localization, an operation which
applies to dg-categories and allows us to discover some fundamental features of Toën’s
homotopy theory. Chapter 3 is entirely about triangulated categories, with an outline of
applications to derived categories of geometric interest; this will also give us the occasion
to introduce Fourier-Mukai functors and the problems related to them. Next, Chapter 4
deals with pretriangulated dg-categories, which among the other things allow us to de-
fine a precise notion of dg-category of morphisms of a given dg-category, and explain in
which sense cones are functorial. Finally, in Chapter 5 we detail the crucial problems of
dg-enhancements and dg-lifts, and prove the aforementioned uniqueness theorem; we will
also describe how it can be viewed as an abstract generalization of a known uniqueness
result of Fourier-Mukai kernels (about the projective line).



Chapter 1

Dg-categories and dg-functors

In this starting chapter, we develop the fundamentals features of the theory of dg-
categories; this will also allow us to fix our notational conventions. It is assumed the
reader has basic knowledge of category theory and homological algebra; we will not
worry too much about “size matters” of our categories: following MacLane’s founda-
tional conventions in [Mac97], every category we consider will be well defined, even if
“oversized”.

1.1 Basic definitions

A brief review of complexes of modules

In order to fix our notations and terminology, let us recall some basic definitions and
facts about complexes of modules. In the following, we let k be an arbitrary commutative
ring, all modules and tensor products being over k, unless otherwise specified.

Definition 1.1. A graded k-module is a k-module V together with a decomposition
indexed by the integers:

V =
⊕
p∈Z

V p.

The shifted module V [n] (n ∈ Z) is defined by V [n]p := V n+p. A morphism of degree n of
graded k-modules f : V → V ′ is a k-linear homomorphism together with a decomposition
fp := f|V p : V p → V p+n (notice that f(V p) ⊆ V p+n is a necessary condition), for all
p ∈ Z. An isomorphism of graded k-modules is an invertible morphism of degree 0.
We say that an element v of a k-graded module V has degree n if v ∈ V n, and write
deg v = n. A (degree n) morphism of graded modules f : V → V ′ induces for any i ∈ Z
the (degree n) shifted morphism f [i] : V [i]→ V ′[i], with the decomposition f [i]p = f i+p.

Let V and W be two graded k-modules. The direct sum V ⊕W of V and W is the
graded module with components (V ⊕W )n = V n ⊕Wn. The tensor product V ⊗W of
V and W is the graded k-module with components

(V ⊗W )n =
⊕

p+q=n
V p ⊗W q,

1
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for n ∈ Z. The tensor product f ⊗ g of two maps of graded k-modules f : V → V ′, g :
W →W ′ is defined by the formula

(f ⊗ g)(v ⊗ w) = (−1)pqf(v)⊗ g(w),

whenever g has degree q and v ∈ V p, and then extended by linearity.

It is worth mentioning the so-called supercommutativity isomorphism V ⊗ W
∼→

W ⊗ V , where V,W are k-graded modules; it is given by the formula

v ⊗ w 7→ (−1)pqw ⊗ v,

for any v ∈ V p, w ∈W q, extended by linearity.

Definition 1.2. A (cochain) complex of k-modules (also called a differential graded
(dg) k-module) is a graded k-module V together with a differential dV , i.e., a map
dV : V → V of degree 1 such that d2

V = 0. We write d for dV whenever there is no
ambiguity. The shifted complex V [n] is the shifted graded module of same name together
with the differential dV [n] = (−1)ndV . A morphism of degree n of complexes f : V → V ′

is a morphism of degree n of the underlying graded modules, which commutes with
the differentials up to a sign: dV ′f = (−1)nfdV . A morphism of complexes of degree
0 is called a chain map; an invertible chain map is called isomorphism of complexes.
A (degree n) morphism of complexes f : V → V ′ induces for any i ∈ Z the (degree
n) shifted morphism f [i] : V [i] → V ′[i], which is simply the shifted morphism of the
underlying graded modules.

Let V and W be two complexes. The direct sum V ⊕W of V and W is the graded
module V ⊕W endowed with the differential (in matrix notation)

dV⊕W :=
(
dV 0
0 dW

)
. (1.1)

The tensor product V ⊗W of V and W is the graded module V ⊗W endowed with the
differential dV ⊗ 1W + 1V ⊗ dW .

It is useful to write down explicitly a formula for the differential of the tensor product
of complexes V ⊗W . A simple computation shows that

dV⊗W (v ⊗ w) = dV v ⊗ w + (−1)pv ⊗ dWw, (1.2)

whenever v ∈ V p, w ∈ W . This also shows that the supercommutativity isomorphism
V ⊗W ∼→W ⊗ V discussed above is indeed a chain map, and hence an isomorphism of
complexes, if V and W are such.

Let V be a complex of k-modules, with differential d. We call an element v ∈ V
closed (or a cocycle) if v ∈ ker d, exact (or a coboundary) if v ∈ Im d. Notice that exact
implies closed, for d2 = 0. Given i ∈ Z, we set:

Zi(V ) := ker d|V i = “i-cocycles”,
Bi(V ) := Im d|V i−1 = “i-coboundaries”.
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Notice that both Zi(V ) and Bi(V ) are submodules of V i, and Bi(V ) ⊆ Zi(V ). Then,
we may define the i-th cohomology module of V , as follows:

H i(V ) := Zi(V )/Bi(V ).

A chain map of complexes f : V →W naturally induces maps

H i(f) : H i(V )→ H i(W );

we say that f is a quasi-isomorphism if H i(f) is a k-linear isomorphism for all i ∈ Z.
Given f, g : V → W two chain maps of complexes, we say that f is homotopic to g

and write f ≈ g if there exists a degree −1 map K : V → W of the underlying graded
modules, such that

f − g = KdV + dWK. (1.3)

The homotopy relation is an equivalence relation; moreover, if two chain maps are ho-
motopic, then they induce the same map in cohomology.

The cohomology of the complex V is defined to be the graded k-module

H∗(V ) :=
⊕
i∈Z

H i(V ).

Also, we say that V is acyclic if H∗(V ) = 0.

Differential graded categories

Let us give the formal definition of dg-category.

Definition 1.3. A differential graded (dg) category is a k-linear1 category A such that
any hom-set A(A,B) is a complex of k-modules (a hom-complex, or a complex of mor-
phisms), and the composition maps

A(B,C)⊗A(A,B)→ A(B,C)

are chain maps of complexes.

Notice directly from (1.2) that the following graded Leibniz rule holds:

d(fg) = d(f)g + (−1)pfd(g), (1.4)

for any pair of composable morphisms f and g, with deg f = p (actually, the graded
Leibniz rule is equivalent to the request that composition maps are chain maps). More-
over, we observe that the identity morphism 1A of any object A ∈ A is a closed degree
0 morphism: the zeroth component of 1A behaves as an identity, and by uniqueness it
must be equal to 1A; closedness follows then from the graded Leibniz rule applied to
1A1A = 1A.

1Here k-linear means enriched over the category k-Mod of k-modules. We don’t require the existence
of finite biproducts: a k-linear category with this property will be explicitly called additive.
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Given a dg-category A, we can define its opposite dg-category Aop as the dg-category
whose objects are the same as A, and whose morphisms are given by

Aop(A,B) := A(B,A),

composition maps being obtained from the ones of A using the supercommutativity
isomorphism:

Aop(B,C)⊗Aop(A,B) = A(C,B)⊗A(B,A) ∼→ A(B,A)⊗A(C,B)→ A(C,A)
= Aop(A,C).

As a matter of notation, given f ∈ A(A,B), we write fop for the same morphism seen
as an element of Aop(B,A). The “op” superscript is used to stress that morphisms and
compositions are intended to be in Aop, whereas its absence indicates morphisms and
compositions in A, namely

fopgop = (−1)pq(gf)op, (1.5)
whenever fop and gop are composable morphisms in Aop, with deg f = p, deg g = q.

Let A and B be two dg-categories. The tensor product A⊗B is the dg-category with
object set Ob(A⊗ B) = ObA×ObB, hom-complexes given by

(A⊗ B)((A,B), (A′, B′)) = A(A,A′)⊗ B(B,B′),

and compositions defined by

(f ′ ⊗ g′)(f ⊗ g) := (−1)pqf ′f ⊗ g′g,

whenever deg g′ = p and deg f = q. Clearly 1A ⊗ 1B is the identity morphism of (A,B);
moreover, notice that (A⊗ B)op = Aop ⊗ Bop.

A natural operation on dg-categories is that of taking cohomology. Given a dg-
category A, the (k-linear) category Z0(A) has by definition the same objects of A, and
morphisms given by

Z0(A)(A,B) := Z0(A(A,B)),
composition maps being obtained as follows:

Z0(A(B,C))⊗ Z0(A(A,B))→ Z0(A(B,C)⊗A(A,B))→ Z0(A(A,C)), (1.6)

where the first map is induced by inclusions and the second by the composition map in
A. Now, the k-linear category H0(A) has the same objects as A and morphisms defined
by

H0(A)(A,B) := H0(A(A,B)),
compositions being obtained by letting the maps of (1.6) pass to the quotient:

H0(A(B,C))⊗H0(A(A,B))→ H0(A(B,C)⊗A(A,B))→ H0(A(A,C)). (1.7)

The category Z0(A) is sometimes called the underlying category of A, and H0(A) is
called the homotopy category of A. Given two objects A,B ∈ A, we say that they
are dg-isomorphic (A ∼= B) if they are isomorphic in Z0(A), and homotopy equivalent
(A ≈ B) if they are isomorphic in H0(A).
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Differential graded functors

Next, we introduce the notion of dg-functor, namely, a functor which preserves the
cochain complex structure of hom-sets.

Definition 1.4. Let A,B be dg-categories. A dg-functor F : A → B is a functor such
that, for any A,B ∈ A, the function

FA,B : A(A,B)→ B(F (A), F (B))

is a chain map of complexes.

We readily observe that a dg-functor F : A → B gives naturally rise to k-linear
functors Z0(F ) : Z0(A) → Z0(B) and H0(F ) : H0(A) → H0(B). In particular, notice
that H0(1A) = 1H0(A) and H0(FG) = H0(F )H0(G) whenever F and G are composable
dg-functors, and analogously with Z0(−). Then, if we denote by dgcatk the category
of small dg-categories and dg-functors, and by Catk the category of k-linear categories,
we obtain two functors

H0(−), Z0(−) : dgcatk → Catk.

Let F,G : A → B be dg-functors. We define the complex of graded natural trans-
formations Natdg(F,G) as follows: the p-th component Natdg(F,G)p is the k-module of
natural transformations ϕ : F → G of degree p, namely ϕA ∈ B(F (A), G(A))p for any
A ∈ A, and

Gf ◦ ϕA = (−1)pqϕA′ ◦ Ff (1.8)

whenever f ∈ A(A,A′)q; the differential map of Natdg(F,G) is defined “levelwise”,
namely

(dϕ)A := d(ϕA), (1.9)

for A ∈ A. A (properly said) natural transformation (morphism) of dg-functors F → G
is then defined to be an element of Z0(Natdg(F,G)). Finally, we can form the dg-
category Fundg(A,B), whose objects are dg-functors A → B and whose morphisms
are given by the complexes Natdg(−,−) defined above, with the obvious (levelwise)
composition maps. Two dg-functors F1, F2 : A → B are then consistently said to be dg-
isomorphic (resp homotopy equivalent) if they are isomorphic in Z0(Fundg(A,B)) (resp.
in H0(Fundg(A,B)).

The isomorphisms in dgcatk are the invertible dg-functors; as for ordinary categories,
the isomorphism relation is too stringent, and needs to be weakened. The dg-category
structure allows us to give two notions of “equivalence”, as follows:

Definition 1.5. Let F : A → B be a dg-functor. F is said to be a dg-equivalence if
there exists a dg-functor G : B → A such that GF and FG are dg-isomorphic to 1A and
1B.

Proposition 1.6. A dg-functor F : A → B is a dg-equivalence if and only if it is fully
faithful and Z0(F ) : Z0(A)→ Z0(B) is an equivalence.
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Proof. It is mutatis mutandis the same argument as in the proof of the analogous fact
for arbitrary categories.

Definition 1.7. Let F : A → B be a dg-functor. F is quasi-fully faithful if for any A,B ∈
A, the map FA,B : A(A,B) → B(F (A), F (B)) is a quasi-isomorphism of complexes. F
is a quasi-equivalence if it is quasi-fully faithful and H0(F ) : H0(A) → H0(B) is an
equivalence of k-linear categories.

Two dg-categories A,B are said to be quasi-equivalent if there exists a “zig-zag dia-
gram” of dg-categories and quasi-equivalences:

A ← A1 → · · · ← An → B. (1.10)

The above relation of quasi-equivalence is the equivalence relation generated by quasi-
equivalences; it is fundamental in the study of dg-categories, and its nature will become
clearer when we introduce the homotopy category of dg-categories, in Chapter 2.

Graded categories

In one occasion, we will need to work with categories whose hom-sets have a graded
module structure, but no differentials. These categories are called graded categories:

Definition 1.8. A graded category is a k-linear category A such that any hom-set
A(A,B) is a graded k-module, and the composition maps

A(B,C)⊗A(A,B)→ A(B,C)

are graded morphisms.

Notice that any dg-category is clearly a graded category in a natural way, simply
forgetting the differentials, and a graded category can be viewed as a dg-category, with
zero differentials. Given a graded category A, we may form the k-linear category A0,
which has the same objects as A and hom-sets given by

A0(A,B) = A(A,B)0,

with composition maps obtained from the ones of A by restriction. A graded category
A is said to be concentrated in degree 0 if A(A,B)n = 0 for all A,B ∈ A and all n 6= 0;
in such case, A can be identified with A0. On the other hand, any k-linear category can
be viewed as a graded category concentrated in degree 0.

A graded functor F : A → B between graded categories is a k-linear functor such
that, for any A,B ∈ A, the map

FA,B : A(A,B)→ B(F (A), F (B))

is a degree 0 morphism of graded modules. Clearly, any graded functor F : A →
B gives rise to a k-linear functor F 0 : A0 → B0, and the mapping A 7→ A0, F 7→
F 0 is functorial. The graded category Fungr(A,B) of graded functors A → B and
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graded natural transformations is defined as in the case of dg-functors, neglecting the
differentials. A natural transformation (morphism) of graded functors from A to B is
defined to be a morphism in Fungr(A,B)0. Two graded functors F,G : A → B are said
to be isomorphic if they are isomorphic in Fungr(A,B)0; then, one may define in an
obvious way the notion of graded equivalence.

Let A be a dg-category. We associate to A the graded homotopy category H∗(A),
whose objects are the same as A, and such that

H∗(A)(A,B)n := Hn(A(A,B)),

for all A,B ∈ A and n ∈ Z, with the natural composition maps. Observe immediately
that H∗(A)0 = H0(A). Clearly, any dg-functor F : A → B gives rise to a graded functor
H∗(F ) : H∗(A) → H∗(B); notice that F is a quasi-equivalence if and only if H∗(F ) is
fully faithful and H0(F ) is essentially surjective (this is indeed a mere restatement of
the definition).

1.2 Examples and basic facts

The dg-category of complexes

Let V,W be two (small) complexes of k-modules, and n ∈ Z. We define Hom(V,W )n to
be the k-module of degree n morphisms f : V → W of the underlying graded modules.
Then, Hom(V,W ) is the complex with components Hom(V,W )n, together with the
differential given by

d(f) := dW ◦ f − (−1)nf ◦ dV , (1.11)

for any f ∈ Hom(V,W ), with deg f = n. Notice that by definition Zn(Hom(V,W )) gives
the morphisms of complexes f : V → W of degree n, in particular Z0(Hom(V,W )) is
the module of chain maps. Moreover, the zeroth cohomology H0(Hom(V,W )) gives the
chain maps up to the homotopy relation (1.3).

The dg-category of (small) complexes Cdg(k) has as objects all small cochain com-
plexes, and morphisms given by

Cdg(k)(V,W ) := Hom(V,W ),

with the natural composition maps. Next, we set C(k) := Z0(Cdg(k)), and K(k) :=
H0(Cdg(k)), the former being called the category of complexes (and chain maps), the
latter the homotopy category of complexes.

Yoneda embedding and Yoneda lemma for dg-categories

We focus our attention to dg-functors with values in Cdg(k). Given a dg-category A with
small hom-complexes and A ∈ A, we define a dg-functor hA : A → Cdg(k) as follows:

hA(B) := A(A,B) (1.12)
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whenever B ∈ ObA, whereas for any f ∈ A(B,C) the morphism hA(f) : A(A,B) →
A(A,C) is given by composition with f :

hA(f)(η) := fη. (1.13)

It is easily checked using (1.11) and the graded Leibniz rule (1.4) that this definition
indeed gives a dg-functor. Passing to the opposite dg-category of A (that is, substituting
A; Aop, f ; fop, η ; ηop in the above definition), we directly obtain the definition of
a similar dg-functor hA : Aop → Cdg(k). The functors hA and hA are said respectively
to be corepresented and represented by the object A; they are, in turn, functorial in A.
In particular, we obtain a dg-functor

h = h− : A → Fundg(Aop,Cdg(k)), (1.14)

which is defined on objects by A 7→ hA and maps any morphism f ∈ A(A,A′) to the
graded natural transformation hf : hA → hA′ given by

(hf )C : A(C,A)→ A(C,A′),
(hf )C(η) := fη,

for any C ∈ A, η ∈ A(C,A). The following is a direct generalization of the well-known
result for general categories and functors:

Theorem 1.9. The above dg-functor h : A → Fundg(Aop,Cdg(k)) is fully faithful.

Proof. Faithfulness is simple: given f, g ∈ A(A,A′), from hf = hg we deduce directly

f = (hf )A(1A) = (hg)A(1A) = g.

Next, we show fullness. Let ϕ : hA → hA′ be a degree p natural transformation.
Observe that, for any C ∈ A and η ∈ A(C,A)q, we have

ϕC ◦ hAη = (−1)pqhA′η ◦ ϕA;

evaluating this equality in 1A, we obtain:

ϕC(η) = (−1)pqhA′η(ϕA(1A)) = (−1)pq(−1)pqϕA(1A) ◦ η = (hϕA(1A))C(η).

Hence, ϕ = hϕA(1A), and we are done.

The functor h is called the Yoneda embedding; employing the above ideas, we may
also prove the analogue of Yoneda lemma for dg-categories:

Theorem 1.10 (Yoneda lemma). Let A be a dg-category with small hom-complexes,
F : Aop → Cdg(k) a dg-functor. Then there exists an isomorphism of complexes

Natdg(hA, F ) ∼−→ F (A),
ϕ 7→ ϕA(1A).

(1.15)
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Proof. Let ϕ ∈ Natdg(hA, F )p, C ∈ A and η ∈ A(C,A)q. We proceed as in the proof of
Theorem 1.9 above, writing down the equality

ϕC ◦ hAη = (−1)pqFη ◦ ϕA;

and evaluating in 1A, thus obtaining:

ϕC(η) = (−1)pq(Fη)(ϕA(1A)). (1.16)

Hence, ϕ is completely determined by ϕA(1A), and injectivity follows. Next, let x ∈
F (A), with deg x = p. Then, it is easily seen that the definition

ϕC(η) := (−1)pq(Fη)(x),

with C ∈ A and η ∈ A(C,A), gives a degree p natural transformation ϕ : hA → F such
that x = ϕA(1A); this shows surjectivity.

To conclude, we must check that our mapping ϕ 7→ ϕA(1A) is indeed a chain map,
namely, that has degree 0 and commutes with differentials:

(dϕA)(1A) = dF (A)(ϕA(1A)); (1.17)

the former assertion is immediate, the latter follows from (1.11).

It can be shown that the isomorphism established above is natural both inA and F . A
similar result clearly holds (with the same proof) for hA and any functorG : A → Cdg(k):
what we obtain is a natural isomorphism

Natdg(hA, G) ∼−→ G(A),
ϕ 7→ ϕA(1A).

(1.18)

Complementary remarks

Let A be a dg-category. We say that A is concentrated in degree 0 if, for any A,B ∈ A,
we have A(A,B)i = 0 for all i 6= 0. We can view a given k-linear category B as a
dg-category concentrated in degree 0, if we endow any hom-set B(−,−) with the trivial
decomposition and differential. Therefore, we obtain a fully faithful functor

Catk ↪→ dgcatk, (1.19)

which will be often thought as an inclusion. With this convention, if A is a dg-category
concentrated in degree 0, we may identify A = Z0(A) = H0(A).

Now, it is interesting to consider dg-categories with cohomology concentrated in degree
0, namely, dg-categories A such that H i(A(A,B)) = 0 for all i 6= 0, for any A,B ∈ A:
in such a case, a weaker form of the above identification A = H0(A) holds. In order to
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make this precise, we define a dg-category A≤0 as follows: ObA≤0 = ObA, and for any
A,B ∈ ObA we set 

A≤0(A,B)n := A(A,B) if n < 0,
A≤0(A,B)n := 0 if n > 0,
A≤0(A,B)0 := Z0(A(A,B)),

the differential on A≤0(A,B) being induced by the one on A(A,B); composition maps
are obtained by restriction, too. There is a natural inclusion dg-functor

A≤0 → A, (1.20)

which is the identity on objects and the inclusion map A≤0(A,B) ↪→ A(A,B) on hom-
complexes (A,B ∈ ObA). We also define a natural projection dg-functor

A≤0 → H0(A), (1.21)

which is the identity on objects and the natural projection map

A≤0(A,B)→ H0(A(A,B))

on hom-complexes (here we view H0(A) as a dg-category concentrated in degree 0).
Notice that the definitions of A≤0 and the above dg-functors don’t require any hypothesis
on A. Nevertheless, if A has cohomology concentrated in degree 0, it is immediately
shown that both functors are quasi-equivalences. We sum up this result in the following:

Proposition 1.11. Let A be a dg-category such that H i(A(X,Y )) = 0 for any X,Y ∈ A,
i 6= 0. Then we have natural quasi-equivalences

H0(A)← A≤0 → A,

the first functor being the natural projection and the second one being the inclusion, as
defined above. In particular, A is quasi-equivalent to H0(A).

To conclude our survey of basic facts about dg-categories, we state and prove the
following result.

Proposition 1.12. Let f : A → A′ be a closed degree 0 morphism in a dg-category A,
and let B ∈ A. Then, if f is a coboundary, the chain map

f∗ : A(B,A)→ A(B,A′),

induced by composition with f , is such that Hn(f) = 0 : Hn(A(B,A)) → Hn(A(B,A))
for all n ∈ Z.

Moreover, if f is a homotopy equivalence, then f∗ is a quasi-isomorphism.
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Proof. Suppose that f = dg for some degree −1 morphism g. Then, for any γ ∈
Zn(A(B,A)), fγ = (dg)γ = d(gγ), and the first assertion follows.

To prove the second claim, assume that f has a homotopy inverse f ′, that is{
f ′f = 1A + dh

ff ′ = 1A′ + dh′

for some degree −1 morphisms h and h′. Then, applying the first part of the proposition,
we obtain

Hn(f ′∗)Hn(f∗) = Hn((f ′f)∗) = Hn((1A)∗) +Hn((dh)∗) = Hn((1A)∗),
Hn(f∗)Hn(f ′∗) = Hn((ff ′)∗) = Hn((1A′)∗) +Hn((dh′)∗) = Hn((1A′)∗),

and we are done.
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Chapter 2

Localizations

Localizations of categories are, roughly speaking, a far-reaching generalization of local-
izations of rings in commutative algebra: given a category C and a family of morphisms
S in C, one forms the universal category in which any morphism of S becomes invert-
ible. This construction applies to the category of small dg-categories together with the
quasi-equivalences, giving us new fundamental tools for the development of the theory.

2.1 Localizations of categories
We start right away with the general definition, taken directly from [GZ67]:

Definition 2.1. Let C be an arbitrary category, S a family of morphisms in C. A
localization of C with respect to (along) S is the data of a category C[S−1] together with
a functor

L : C → C[S−1]

such that:

• for any s ∈ S, L(s) is an isomorphism in C[S−1];

• (universal property) for any functor T : C → D such that T (s) is an isomorphism
in D for all s ∈ S, there exists a unique functor T : C[S−1]→ D such that TL = T .

Directly from the definition we see that a localization, if it exists, is unique up to
a natural isomorphism of categories. Actually, localizations always exist, even if in the
general case the localized category will have “oversized” hom-sets. To be explicit, given
C and S as in the above definition, we form C[S−1] as follows: Ob C[S−1] = ObC, and
a morphism A→ B in C[S−1] is represented by a “zig-zag diagram”

m = (A α1← X1
f1→ X2

α2← X3
f2→ · · · αn← X2n−1

fn→ B), (2.1)

where← and→ alternate, and each morphism αi “in the wrong direction” either belongs
to S or is an identity morphism. Two diagrams m and m′ represent the same morphism

13
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A → B if there is a finite sequence of diagrams m = m0, . . . ,mk = m′ such that mi is
obtained from mi−1 (or vice-versa) by a suitable “pushout” or a “pullback” operation;
this defines an equivalence relation (see [BD69, Appendix] for details), and by definition
a morphism in C[S−1] is given by the equivalence class [m] of a diagram m. Composition
is simply given by concatenation of diagrams (passed to the quotient); moreover, if every
arrow in a diagram m is a member of S or an identity, then the corresponding morphism
[m] is invertible in C[S−1], and its inverse is represented by m written in the inverse
order. Finally, the localization functor L : C → C[S−1] is defined to be the identity on
objects, and on morphisms by

LA,B(f) := [A 1A← A
f→ B], (2.2)

whenever f ∈ C(A,B). If m is the diagram (2.1), then it can be shown that

[m] = L(fn)L(αn)−1 · · ·L(f1)L(α1)−1. (2.3)

In the following, the notation C[S−1] will always be used to denote the category obtained
by this explicit construction.

An example: the homotopy category of (small) categories

Let Cat be the category of small categories and functors, and let S be the set of cat-
egorical equivalences. We are going to show that the localization Cat[S−1] (called the
homotopy category of categories and denoted by Ho(Cat)) is isomorphic to the category
[Cat] of small categories and isomorphism classes of functors between them, together
with the natural projection

P : Cat→ [Cat]
as the localization functor. We check directly the universal property. Let F : Cat→ D
be a functor such that F(T ) is an isomorphism in D whenever T is an equivalence. Our
aim is to find a functor F : [Cat]→ D such that the diagram

Cat DF //

[Cat]

P

��
F

??������������

is commutative. We attempt to define F in a natural way:

F(C) := F(C),
F([F ]) := F(F ),

for any C ∈ Cat and for any functor F between two small categories. F is clearly well
defined on objects; the interesting part is to show that it is well defined on morphisms,
namely, that F1 ∼= F2 as functors C1 → C2 implies F(F1) = F(F2). To this purpose, we
state and prove the following general results:
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Lemma 2.2. Let F1, F2 : C1 → C2 be functors between small categories. Then there
exist a category C′2, an equivalence G : C′2 → C2, and two functors F ′1, F ′2 : C1 → C′2, such
that the following conditions hold:

1. Fi = GF ′i for i = 1, 2,

2. F ′1 is injective on objects,

3. ImF ′1 ∩ ImF ′2 = ∅.

Proof. Given an arbitrary set X, we form the category CX such that Ob CX = X and
HomCX

(x, y) = {x ∼→ y} (a unique isomorphism between any two objects). We easily
see that the canonical projection functor

G : C2 × CX → C2

is an equivalence. Now, let X be such that #X > #F−1
1 (D) for any D ∈ C2, and choose

a family of injections
iD : F−1

1 (D)→ X \ {x},

where x is fixed once and for all. We define two functors F ′1, F ′2 : C1 → C2×CX as follows:

F ′1(C) := (F1(C), iF1(C)(C)),
F ′2(C) := (F2(C), x),

for any C ∈ C1, the definition of F ′1 and F ′2 on morphisms being clear. Then, it is
straightforward to check that C′2 := C2 × CX , the equivalence G and the functors F ′1, F ′2
satisfy the three required conditions.

Lemma 2.3. Let F1, F2 : C1 → C2 be functors. Suppose moreover that F1 is injective on
objects, and that ImF1 ∩ ImF2 = ∅. Then F1 ∼= F2 implies the existence of a category
C̃2 and an equivalence T : C2 → C̃2 such that T ◦ F1 = T ◦ F2.

Proof. Let η : F1
∼→ F2 be an isomorphism. We start by defining a map T : Ob C2 →

Ob C2 as follows:

T (D) :=


F2(F−1

1 (D)) if D ∈ ImF1,

D if D ∈ ImF2,

a chosen D′ ∼= D otherwise.

We set C̃2 := ImT as a full subcategory of C2. Next, we define for each D ∈ C2 an
isomorphism tD : D → T (D), in the following way:

tD :=


ηF−1

1 (D) if D ∈ ImF1,

1D if D ∈ ImF2,

a chosen isomorphism D
∼→ T (D) otherwise.
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Then, for any g : D1 → D2 in C2, we set

Tg := tD2 ◦ g ◦ t−1
D1
,

thus giving rise to a functor T : C2 → C̃2. Now it is straightforward to show that T
is an equivalence (in particular, a quasi-inverse of the inclusion functor C̃2 ↪→ C2); by
construction we have TF1 = F2 = TF2, hence we are done.

Let us go back to our example. We apply Lemma 2.2 in order to obtain from
F1, F2 two functors F ′1, F ′2 which satisfy the hypothesis of Lemma 2.3; moreover, since
Fi = GF ′i and G is an equivalence, the relation F1 ∼= F2 : C1 → C2 implies that F ′1 ∼= F ′2
as well. So, TF ′1 = TF ′2 for a suitable equivalence T . Now, F(Fi) = F(G)F(F ′i ), and
F(F ′i ) = F(G)−1F(Fi), since F(G) is an isomorphism in D. Moreover

F(T )F(F ′1) = F(T )F(G)−1F(F1)
= F(T )F(F ′2) = F(T )F(G)−1F(F2),

and again by hypothesis we can cancel F(T )F(G)−1 in the above equality, thus obtaining
F(F1) = F(F2); this implies that F is a well defined functor, and by definition F◦P = F .
Clearly F is uniquely determined, and this allows us to conclude.

Remark 2.4. With the appropriate modifications, we may prove the analogues of Lemma
2.2 and Lemma 2.3 in which we suppose everything to be k-linear. Therefore, the argu-
ments above can be employed to show that the localization of Catk along k-linear equiv-
alences (called the homotopy category of k-linear categories and denoted by Ho(Catk))
is isomorphic to the category [Catk] of small k-linear categories and isomorphism classes
of k-linear functors.

2.2 Localizations and model categories

Localizations of categories are better understood and developed in the framework of
model categories. In this section, we briefly recall from [Hov99] the fundamentals of the
theory, together with some result we will need later in our work. We will not go into
much detail; we refer again to [Hov99] for anything we do not cover in our treatment.

The definition of model category

A model category is the data of a small complete and cocomplete categoryM, together
with three distinguished families of morphisms closed by identities and compositions,
called fibrations, cofibrations and weak equivalences; these data are required to satisfy
the following set of axioms:

1. (2-out-of-3) If f and g are morphisms inM such that gf is defined and two of f, g
and gf are weak equivalences, so is the third.
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2. (Retracts) If f and g are morphisms ofM such that f is a retract of g and g is a
weak equivalence, cofibration, or fibration, then so is f .

3. (Lifting) Define a map to be a trivial cofibration if it is both a cofibration and
a weak equivalence. Similarly, define a map to be a trivial fibration if it is both
a fibration and a weak equivalence. Then trivial cofibrations have the left lifting
property with respect to fibrations, and cofibrations have the left lifting property
with respect to trivial fibrations, that is: whenever i : A→ B is a trivial cofibration
and p : X → Y is a fibration (resp. i is a cofibration and p is a trivial fibration),
then for any commutative square

A X
f //

B

i

��
Y

p

��g //

there is a lift h : B → X such that hi = f, ph = g.

4. (Factorization) For any morphism f , there exist factorizations

f = pi, f = qj,

such that p is a fibration, i is a trivial cofibration, q is a trivial fibration, j is a
cofibration. Moreover, these factorizations are required to be functorial in f .1

If M is a model category, then it has an initial objects ∅, the colimit of the empty
diagram, and a terminal object ∗, the limit of the empty diagram. We call an object
A ∈ M cofibrant is the map ∅ → A is a cofibration, and fibrant if the map A → ∗ is a
fibration. It can be shown that a map inM is a cofibration if and only if it has the left
lifting property with respect to all trivial fibrations (dually, a map is a fibration if and
only if it has the right lifting property with respect to all trivial cofibrations). Hence,
cofibrant and fibrant objects are characterized as “projective” and “injective” objects, in
a certain sense. For example, an object A ∈M is cofibrant if and only if, for any trivial
fibration p : X → Y and for any map f : A→ Y , there exists a lift f̃ : A→ X such that
pf̃ = f .

Let A be an object in a model categoryM. By applying axiom 4 to the initial map
∅ → A, we find a factorization

∅ −→ QA −→ A,

where ∅ → QA is a cofibration and QA → A is a trivial fibration. QA is cofibrant
by definition, and it is called the cofibrant replacement of A. Since factorizations are
functorial, we obtain a functor Q : M → M, called cofibrant replacement functor of
M, and a natural transformation q : Q → 1M, such that qB is a trivial fibration for
any B ∈ M. Similarly, it is defined the fibrant replacement functor R together with a
natural transformation r : 1M → R such that rB is a trivial cofibration for any B ∈M.

1Indeed, functorial factorizations are themselves part of the model category structure.
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The homotopy category of a model category

LetM be a model category, and denote by W the family of its weak equivalences. The
homotopy category ofM is defined by

Ho(M) :=M[W−1], (2.4)

that is, the localization ofM along weak equivalences; we denote by L :M→ Ho(M)
the canonical localization functor. The model category structure allows us to describe
Ho(M) in a nice way, as we are going to sketch. Given two objects A,B ∈ M such
that A is cofibrant and B is fibrant, we may define onM(A,B) an equivalence relation,
called homotopy equivalence (denoted by ≈). Now, let us denote by Mc (resp. Mf ,
Mcf) the full subcategory of cofibrant (resp. fibrant, cofibrant and fibrant) objects
in M. Restricted to Mcf , the homotopy equivalence is proven to be compatible with
compositions, thus giving rise to the quotient categoryMcf/≈. This construction allows
us to describe completely the category Ho(Mcf) :=Mcf [(W ∩Mcf)−1]:

Theorem 2.5. The categoryMcf/≈ together with the canonical projection functor

Mcf −→Mcf/≈

is a localization ofMcf along weak equivalences.

By the above result, there is a unique isomorphism of categories

Mcf/≈
∼−→ Ho(Mcf)

which maps [f ]≈ ∈ Mcf/≈(A,B) to [A 1A← A
f→ B] = L(f) ∈ Ho(Mcf)(A,B). In

particular, any morphism in Ho(Mcf)(A,B) is represented by a “simple” diagram of the
form A

1A← A→ B.
It can be shown that the inclusion functorsMcf ↪→Mc ↪→M andMcf ↪→Mf →M

induce equivalences of categories Ho(Mcf) → Ho(Mc) → Ho(M) and Ho(Mcf) →
Ho(Mf)→ Ho(M) (the quasi-inverses are induced by cofibrant and fibrant replacement
functors Q and R). Hence, by composition, we obtain an equivalence:

Mcf/≈ −→ Ho(M). (2.5)

This is one of the main results in model category theory. To complete our presentation,
we state two useful theorems (M is a fixed model category, as above):

Theorem 2.6. Let A,B ∈ M such that A is cofibrant and B is fibrant. Then, there is
a natural isomorphism:

M(A,B)/≈
∼−→ Ho(M)(A,B),

[f ]≈ 7→ [A 1A← A
f→ B] = L(f).

(2.6)
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Theorem 2.7. If f ∈M(A,B) is a map such that L(f) is an isomorphism in Ho(M),
then f is a weak equivalence.

Finally, we apply Theorem 2.6 to obtain an explicit description of arbitrary maps in
Ho(M), and Theorem 2.7 to show a characterization of isomorphisms in Ho(M).

Corollary 2.8. Let f̂ : A → B be a morphism in Ho(M). Then f̂ is represented by a
diagram of the form:

A
qA← QA→ RB

rB← B
1B→ B. (2.7)

Moreover, if B is fibrant, f̂ is represented by a diagram of the form:

A
qA← QA→ B. (2.8)

Proof. We consider the morphism L(rB)f̂L(qA) : QA → RB in Ho(M). By Theorem
2.6, this morphism is equal to L(f) for a suitable f ∈M(QA,RB), uniquely determined
up to homotopy equivalence. Hence, f̂ = L(rB)−1L(f)L(qA)−1, which proves the first
assertion. The second part is proven analogously, considering the morphism f̂L(qA) :
QA→ B.

Corollary 2.9. A morphism f̂ : A → B in Ho(M) is an isomorphism if and only if it
is represented by a diagram of the form

A← X1 → · · · ← Xn → B, (2.9)

where every arrow is a weak equivalence.

Proof. Let f̂ : A → B be an isomorphism in Ho(M). By Corollary 2.8, we may write
f̂ = L(rB)−1L(f)L(qA) for a suitable f ∈ M(QA,RB). Since f̂ , L(rB), L(qA) are iso-
morphism, so is L(f); then, by Theorem 2.7, f is a weak equivalence, and the necessity
part of the statement follows. The converse implication is immediate.

2.3 The homotopy category of dg-categories
We now focus our attention to the category dgcatk of small dg-categories and dg-
functors; it turns out that it can be endowed with a model category structure, and
this gives us more tools to further develop the theory of dg-categories. In describing
this structure, we limit ourselves to the definition of fibrations, cofibrations and weak
equivalences; a thorough treatment can be found in [Tab05].

By definition, the weak equivalences in dgcatk are the quasi-equivalences, and the
fibrations are all dg-functors F : A → A′ satisfying the following two properties:

1. For any A,B ∈ A, the map

FA,B : A(A,B)→ A′(F (A), F (B))

is surjective.
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2. For any isomorphism f ′ : A′ → B′ in H0(A′) and any B ∈ F−1(B′), there exists
an isomorphism f : A→ B in H0(A) such that H0(F )(f) = f ′.

Finally, cofibrations are defined to be the maps in dgcatk with the left lifting property
with respect to trivial fibrations. Notice that the initial object of dgcatk is the empty
dg-category ∅, whereas the final object is the dg-category 0 with one object and trivial
complex of endomorphisms. We easily obtain the following:

Lemma 2.10. Every object in dgcatk is fibrant.

The general results of Section 2.2 apply as well to the model category dgcatk. For
the reader’s convenience, we state here the analogues of Corollaries 2.8 and 2.9.

Proposition 2.11. A morphism A → B in Ho(dgcatk) is represented by a diagram of
the form

A ← A′ → B,

where A′ is a cofibrant dg-category and the first arrow is a trivial fibration.

Proposition 2.12. Two dg-categories are quasi-equivalent if and only if they are iso-
morphic in Ho(dgcatk).

The category Ho(dgcatk) is called the homotopy category of dg-categories; as before,
we denote by L : dgcatk → Ho(dgcatk) the canonical localization functor. Furthermore,
given A,B ∈ dgcatk, we will often write [A,B] for the hom-set Ho(dgcatk)(A,B). The
following is a simple yet useful result, which we state in the framework of dg-categories
but provable with the same argument for arbitrary localized categories:

Lemma 2.13. Let F̂ = [A G← A′ F→ B] be a morphism in Ho(dgcatk), and let H : A′′ →
A′ be a quasi-equivalence. Then

[A G← A′ F→ B] = [A GH← A′′ FH→ B].

Proof. Directly:

F̂ = L(F )L(G)−1 = L(F )L(H)L(H)−1L(G)−1 = L(FH)L(GH)−1.

Next, let us investigate the behaviour of dg-categories concentrated in degree 0 when
passing to the homotopy category. Applying directly the universal property of local-
izations, we see that the natural inclusion functor Catk ↪→ dgcatk induces a functor
Ho(Catk)→ Ho(dg-Cat) such that the diagram

Catk dgcatk
� � //

Ho(Catk)
��

Ho(dgcatk)
��

//
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is commutative, the vertical arrows being the canonical localization functors. By defini-
tion, this functor maps an arbitrary morphism

[A ← A1 → · · · ← An → B]Catk

to
[A ← A1 → · · · ← An → B]dgcatk

,

where the subscripts are put to better distinguish between maps in Ho(Catk) and in
Ho(dgcatk).

Proposition 2.14. The above functor Ho(Catk)→ Ho(dgcatk) is fully faithful.

Proof. Recall that Ho(Catk) can be identified with the category [Catk], via the corre-
spondence

[A F→ B]iso ←→ [A 1A← A F→ B]Catk
,

where [A F→ B]iso means the isomorphism class of the functor F . Hence, any morphism
A → B in Ho(Catk) is represented by a diagram of the form

A 1A← A→ B.

We now show that our functor Ho(Catk)→ Ho(dgcatk) is faithful. To this purpose,
suppose given morphisms [A 1A← A F→ B]Catk

and [A 1A← A G→ B]Catk
such that

[A 1A← A F→ B]dgcatk
= [A 1A← A G→ B]dgcatk

.

By definition, there exists a finite sequence of zig-zag diagrams in dgcatk from A 1A←
A F→ B to A 1A← A G→ B. Then, taking H0 everywhere and observing that it maps
quasi-equivalences to equivalences, we obtain a finite sequence of zig-zag diagrams in
Catk from

H0(A)
1H0(A)← H0(A) H

0(F )→ H0(B)

to
H0(A)

1H0(A)← H0(A) H
0(G)→ H0(B).

But we may identify H0(A) = A, H0(B) = B, H0(F ) = F,H0(G) = G, for they are
k-linear categories and functors, thus obtaining the equality

[A 1A← A F→ B]Catk
= [A 1A← A G→ B]Catk

,

as claimed.
Next, let us show fullness. Let [A G← A′ F→ B]dgcatk

be a morphism in Ho(dgcatk).
Since A is k-linear and G is a quasi-equivalence, we obtain H i(A′(X,Y )) = 0 for any
X,Y ∈ A′, i 6= 0. Applying Proposition 1.11, we get a quasi-equivalence A′≤0 → A′,
thus by Lemma 2.13 we may suppose without loss of generality that A′ = A′≤0, i.e.
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A′(X,Y )n = 0 for any X,Y ∈ A′ and for any n > 0. Hence, the natural projection
P : A′ → H0(A′) is a quasi-equivalence; also, for any X,Y ∈ A′, we have

H0(A′(X,Y )) = A′(X,Y )0/ Im d−1
A′(X,Y ).

Now, notice that dBF = FdA′ = 0 and similarly dAG = GdA′ = 0, for A and B are
k-linear. Then, F and G pass to the quotient, giving rise to functors F ′ : H0(A′) → B
and G′ : H0(A′)→ A such that F = F ′P and G = G′P . This allows us to apply directly
Lemma 2.13 and obtain finally

[A G← A′ F→ B]dgcatk
= [A G′← H0(A′) F ′→ B]dgcatk

.

So, [A G← A′ F→ B]dgcatk
is the image of [A G′← H0(A′) F ′→ B]Catk

, and our assertion
follows.

As hinted before, the functor H0(−) : dgcatk → Catk takes quasi-equivalences to
equivalences; also, recall that the category [Catk], together with the canonical projection
functor P : Catk → [Catk], is a localization of Catk along equivalences. Then, H0(−)
induces a functor Ho(dgcatk) → [Catk], which we denote again by H0(−), such that
the diagram

dgcatk Catk
H0(−) //

Ho(dgcatk)

L

��
[Catk]

P

��H0(−) //

(2.10)

is commutative. Given F̂ = [A G← A′ F→ A] ∈ Ho(dgcatk)(A,B), its image H0(F̂ ) is by
definition the isomorphism class of H0(F )H0(G)−1, where H0(G)−1 is a quasi-inverse of
H0(G). A morphism F̂ ∈ [A,B] in the homotopy category is called a quasi-functor2, in
view of the above observation that it yields a genuine functor H0(F̂ ) : H0(A)→ H0(B),
determined up to isomorphism. A main goal in the theory of dg-categories is to find a
nice description of the set of quasi-functors between two arbitrary dg-categories A and
B.

2.4 The derived category of a dg-category

An important (and basic) example of model category is given by the category C(k)
of complexes and chain maps. It is well-known (cfr. [Hov99]) that C(k) admits a
structure of model category such that the fibrations are the surjective chain maps, the
weak equivalences are the quasi-isomorphisms, and the cofibrations are the maps with

2Actually, this is an abuse of notation. Keller defines a quasi-functor to be an object of the category
rep(A,B) (see [Kel06] for its definition), whereas the quasi-functors of our definition correspond to the
isomorphism classes of objects of rep(A,B).
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the left lifting property with respect to the trivial fibrations (notice that every object
in C(k) is obviously fibrant). The homotopy category Ho(C(k)), which turns out to
be k-linear and additive, is called the derived category of k and denoted by D(k). An
important feature of C(k) as a model category is that the homotopy equivalence relation
of morphisms in C(k) is actually the usual homotopy equivalence of chain maps. This,
together with Theorem 2.6, gives us a nice description of maps in the derived category:

Lemma 2.15. Let V,W be chain complexes, with V cofibrant. Then there is a natural
isomorphism:

K(k)(V,W ) ∼−→ D(k)(V,W ),

[f ] 7→ [V 1V← V
f→W ].

Next, let us define the derived category of a dg-category. We first introduce some
notations: given a dg-category A, we set

Cdg(A) := Fundg(Aop,Cdg(k)),
C(A) := Z0(Cdg(A)),
K(A) := H0(Cdg(A)).

(2.11)

The categories C(A) and K(A) are additive (direct sums are defined as levelwise di-
rect sums of complexes); any object F ∈ C(A) is called Aop-dg-module. The cate-
gory C(A) has a model category structure, strictly related to that of C(k): the fibra-
tions (resp. the weak equivalences) are the morphisms t : F → G in C(A) such that
tA ∈ C(k)(F (A), G(A)) is a fibration (resp. a quasi-isomorphism) for any A ∈ A, and
the cofibrations are the morphisms with the left lifting property with respect to trivial
fibrations. As in the case of C(k), every object in C(A) is obviously fibrant. Examples
of cofibrant objects are given by the following result.

Lemma 2.16. For any object A ∈ A, the dg-functor hA is cofibrant in C(A).

Proof. Given a morphism t : hA → G and a trivial fibration p : F → G in C(A), we have
to show that there exists t̃ : hA → F such that pt̃ = t. By Yoneda lemma, it suffices
to lift tA(1A) ∈ G(A) to a closed degree 0 element of F (A). By hypothesis, H0(pA) :
H0(F (A))→ H0(G(A)) is an isomorphism, in particular there exists η̃ ∈ Z0(F (A)) such
that [pA(η̃)] = [tA(1A)] in H0(F (A)); namely, pA(η̃)−tA(1A) = dα for some α ∈ G(A)−1.
Now, pA : F (A)−1 → G(A)−1 is surjective, and we may lift α to an element α̃ ∈ F (A)−1

such that pA(α̃) = α. Finally

pA(η̃ − dα̃) = tA(1A) + dα− d(pA(α̃)) = tA(1A) + dα− dα = tA(1A),

and we are done, since η̃ − dα̃ ∈ Z0(F (A)).

Definition 2.17. The homotopy category Ho(C(A)) is called derived category of A and
denoted by D(A).
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It can be shown that D(A) is an additive k-linear category, and that the localization
functor C(A)→ D(A) is k-linear as well. As in the case of the model category C(k), two
morphisms in C(A) are homotopy equivalent in the sense of the model category structure
if and only if they induce the same morphism in K(A). The analogue of Lemma 2.15
holds:

Lemma 2.18. Let A be a dg-category, and let F,G ∈ C(A), with F cofibrant. Then
there is a natural isomorphism:

K(A)(F,G) ∼−→ D(A)(F,G),

[t] 7→ [F 1F← F
t→ G].

Remark 2.19. It is worth mentioning that the canonical localization functor C(A) →
D(A) factors through K(A), giving rise to the following commutative diagram of k-linear
functors:

C(A) D(A)//

K(A)

H0(−)

��

<<zzzzzzzzzzzz

. (2.12)

Indeed, D(A) could equivalently be defined as the localization of the homotopy cate-
gory K(A) along the image of weak equivalences of C(A) (namely, homotopy classes of
levelwise quasi-isomorphisms; notice that any morphism which is homotopy equivalent
to a levelwise quasi-isomorphism is itself a levelwise quasi-isomorphism).
Remark 2.20. Let us denote by 1k the k-linear category with one object 0 and module
of endomorphisms given by 1k(0, 0) = k. Then, 1op

k = 1, and it is easily verified that
Fundg(1k,A) is isomorphic to A, for any dg-category A. In particular, we may identify
Cdg(1k) with Cdg(k), and D(1k) with D(k). Hence, derived categories of dg-categories
are indeed a generalization of the derived category of k.

Applying Lemma 2.16 and Lemma 2.18 together with Theorems 1.9 and 1.10, we
easily obtain “derived” versions of the Yoneda lemma and the Yoneda embedding.

Proposition 2.21. Let A be a dg-category. Then, for any F ∈ C(A) and any A ∈ A,
there is a natural isomorphism

D(A)(hA, F ) ∼−→ H0(F (A)). (2.13)

Proposition 2.22. Let A be a dg-category. The k-linear functor

D(h) : H0(A)→ D(A), (2.14)

obtained composing H0(h) : H0(A) → K(A) with the functor K(A) → D(A) (see
Remark 2.19), is fully faithful.
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An object in the essential image of D(h) is said to be quasi-representable.
Derived categories of dg-categories are instrumental in achieving a description of

hom-sets in the homotopy category of dg-categories Ho(dgcatk). We limit ourselves to
stating the final result, referring to [Toë08] for details on how it is obtained.

Theorem 2.23. Let A and B be two (small) dg-categories, one of them having cofibrant
complexes of morphisms. Then, there exists a natural bijection between [A,B] and the
subset of Iso(D(Aop ⊗ B)) given by isomorphism classes of A⊗ Bop-dg-modules F such
that, for any A ∈ A, F (A,−) ∈ D(A) is quasi-representable.

When A is also cofibrant, the above correspondence has a nice explicit description.
Let F̂ = L(F ) : A → B be an arbitrary quasi-functor, where F : A → B is a dg-functor
(here L is the canonical localization functor dgcatk → Ho(dgcatk); the hypothesis that
A is cofibrant is essential). We associate to F the dg-functor F : A ⊗ Bop → Cdg(k)
defined by

F (−,−) := A(−, F (−)) = hF (−)(−). (2.15)

Then, Theorem 2.23 specializes to the following:

Corollary 2.24. Let A and B be as in the hypothesis of Theorem 2.23, A being also
cofibrant. Then, the map

[A,B]→ Iso(D(Aop ⊗ B)),
L(F ) 7→ [F ],

is well defined, injective, and its image consists of isomorphism classes of A ⊗ Bop-dg-
modules G such that, for any A ∈ A, G(A,−) ∈ D(A) is quasi-representable.
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Chapter 3

Triangulated categories

In this chapter we depart from dg-categories for a while, and concentrate ourselves
on describing the theory of triangulated categories. This kind of categories provide an
adequate theoretical framework for derived categories of abelian categories and derived
functors.

3.1 Axioms for triangulated categories

Let us give the formal (axiomatic) definition of triangulated category and develop the
basic features of the theory. Before writing down the axioms, we introduce the convenient
notations and terminology.

Definition 3.1. Let D be a k-linear category, with a k-linear autoequivalence

T : D −→ D.

A triangle in D with shift T is a sextuple (A,B,C, f, g, h), where A,B,C are objects in
D and f, g, h are morphisms as follows:

A
f−→ B

g−→ C
h−→ T (A). (3.1)

A morphism of two triangles (A,B,C, f, g, h) and (A′, B′, C ′, f ′, g′, h′) with shift T
is a triple (u, v, h) of maps in D, with u : A → A′, v : B → B′ and w : C → C ′, such
that the following diagram commutes:

A B
f // C

g // T (A)h //

A′

u

��
B′

v

��
C ′

w

��
T (A′).

T (u)

��
f ′ // g′ // h′ //

(3.2)

27
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A functor T : D → D as above is called shift functor. In the following we will employ
the notation A[1] := T (A) for any object A ∈ D, and f [1] := T (f) ∈ D(A[1], B[1]) for
any morphism f ∈ D(A,B). Similarly, choosing once and for all a quasi-inverse T−1 of
T , we will write A[n] := Tn(A) and f [n] := Tn(f) for any n ∈ Z, where T−i = (T−1)i
for any i ≥ 0 and T 0 = 1D. Now, we may list the axioms which define a triangulated
category.

Definition 3.2. A triangulated category is the data of an additive k-linear category D
together with a triangulated structure, that is, a shift functor T : D → D and a family of
triangles in D with shift T called distinguished triangles, subject to the following axioms.

TR1 (i) Any triangle of the form

A
1A−→ A −→ 0 −→ A[1]

is distinguished.
(ii) Any triangle isomorphic to a distinguished triangle is distinguished.
(iii) Any morphism f : A→ B can be completed to a distinguished triangle

A
f−→ B −→ C −→ A[1];

Any object C as above is called a cone of the morphism f .

TR2 The triangle
A

f−→ B
g−→ C

h−→ A[1]

is a distinguished triangle if and only if

B
g−→ C

h−→ A[1] −f [1]−→ B[1]

is a distinguished triangle.

TR3 Let (A,B,C, f, g, h) and (A′, B′, C ′, f ′, g′, h′) be distinguished triangles, and let
u : A → A′, v : B → B′ be such that f ′u = vf . Then u and v can be completed
to a morphism from the first triangle to the second by a (not necessarily unique)
morphism w : C → C ′:

A B
f // C

g // A[1]h //

A′

u

��
B′

v

��
C ′

w

��
A′[1].

u[1]

��
f ′ // g′ // h′ //

TR4 This is the so-called octahedral axiom. It is very complicated and seldom used,
hence we do not include it here, and refer directly to [Har66] for its explanation.
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Remark 3.3. Some authors require the shift functor of a triangulated category to be an
automorphism; this additional condition is not really restrictive, for it is always possible
to change our autoequivalence T into an automorphism, upon substituting D with a
suitable equivalent category. However, our definition is in some aspects better-behaved
than the “stronger” one, and the technical drawbacks are minimal: in fact, axiom TR1
itself allows us, in virtually all situations regarding distinguished triangles, to identify
A[−1][1] = A[1][−1] = A via the given natural isomorphisms, viewing them as identities.
This kind of identification will be implicitly made in the following.
Remark 3.4. In TR3 we don’t require the completing morphism to be uniquely deter-
mined by the given data; Actually, uniqueness is false in virtually all interesting examples
of triangulated categories. This is an instrinsic bad behaviour of triangulated categories,
and a reason for the research of better-behaved structures such as pretriangulated dg-
categories, which will be our object of study in the following chapter.

Working with triangulated categories, it is natural to consider functors which preserve
the triangulated structures, defined as follows.
Definition 3.5. Let D and D′ be triangulated categories, with shift functors TD and
TD′ . An exact functor from D to D′ is a couple (F, ε), where

F : D → D′

is a k-linear functor, and
ε : F ◦ TD

∼−→ TD′ ◦ F (3.3)
is an isomorphism of functors, such that for any distinguished triangle

A
f−→ B

g−→ C
h−→ A[1]

in D, the triangle
F (A) F (f)−→ F (B) F (g)−→ F (C) F (h)−→ F (A)[1]

is distinguished in D′, where F (A)[1] is identified with F (A[1]) via ε.
The identity functor of a triangulated category (together with the identity morphism

of the shift functor) is clearly exact, and two exact functors (F1, ε1) : D → D′ and
(F2, ε2) : D′ → D′′ can be composed as follows:

(F2, ε2)(F1, ε1) := (F2F1, ε2F1 ◦ F2ε1).

Hence, (small) triangulated categories and exact functors form a category. The exact
functors from D to D′ are themselves the objects of a k-linear category Funex(D,D′): a
morphism t : (F, ε) → (G, η) between (F, ε), (G, η) ∈ Funex(D,D′) is a natural transfor-
mation of k-linear functors t : F → G such that the diagram

FTD TD′F
ε //

GTD

t◦TD

��
TD′G

TD′◦t

��η //
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is commutative; composition in Funex(D,D′) is then defined as the usual composition
of natural transformations. An equivalence F : D → D′ of triangulated categories is an
exact functor which admits an exact quasi-inverse. It turns out that if an exact functor
is a k-linear equivalence, then it is an equivalence of triangulated categories (i.e. any
quasi-inverse is automatically exact); more in general, if an exact functor has a left or a
right adjoint, then such adjoint functor is also exact: see [Huy06, Proposition 1.41] for
a proof.
Remark 3.6. When defining an exact functor between triangulated categories, we will
often avoid specifying the natural isomorphism (3.3): with a little abuse of notation, we
will call a k-linear functor F : D → D′ between triangulated categories exact if there
exists a natural isomorphism ε : FTD

∼→ TD′F such that (F, ε) is a (properly said) exact
functor. Then, we will assume that ε is chosen once and for all, and never keep track of
it unless it is strictly necessary.

The opposite category of a triangulated category has a natural triangulated structure,
which we describe in the following definition.

Definition 3.7. Let D be a triangulated category, with shift functor T . We define on
Dop the following triangulated structure: the shift functor is a chosen quasi-inverse T−1

of T , and a triangle in Dop

C
hop
−→ B

gop
−→ A

fop
−→ C[−1]

is distinguished if and only if the triangle

C[−1] f−→ A
g−→ B

−h−→ C

is distinguished in D (note the minus sign before h).

The axioms TR* are easily verified. The category Dop, together with the above shift
functor and distinguished triangles, is called the opposite triangulated category of D.

Now, we prove some results about triangulated categories which follow directly from
the axioms. In the following, we fix once and for all a triangulated category D.

Lemma 3.8. Let
A

f−→ B
g−→ C

h−→ A[1]
be a distinguished triangle in D. Then the composition of any two consecutive morphisms
is 0.

Proof. It is sufficient to show that gf = 0, for hg = 0 will then follow from the same
argument applied to (B,C,A[1], g, h,−f [1]), which is distinguished by TR2. By TR1
and TR3, there is a morphism of triangles:

A A
1A // 00 // A[1]//

A

1A

��
B

f

��
C
��

A′[1].

1A[1]

��
f // g // h //
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The map 0→ C we find is necessarily the zero map, and commutativity implies gf = 0,
as claimed.

Lemma 3.9 (A variation of TR3). Let (A,B,C, f, g, h) and (A′, B′, C ′, f ′, g′, h′) be
distinguished triangles, and let v : B → B′, w : C → C ′ be morphisms such that wg = g′v.
Then v and w can be completed to a morphism of triangles by a (not necessarily unique)
map u : A→ A′:

A B
f // C

g // A[1]h //

A′

u

��
B′

v

��
C ′

w

��
A′[1].

u[1]

��
f ′ // g′ // h′ //

Proof. We apply TR2 and then TR3, finding a map u• : A[1]→ A′[1] which completes v
and w to a morphism from (B,C,A[1], g, h,−f [1]) to (B′, C ′, A′[1], g′, h′,−f ′[1]). Then,
it is easily checked that u := u•[−1] has the required properties.

Proposition 3.10. Let (A,B,C, f, g, h) be a distinguished triangle. Then, for any A0 ∈
D, the following induced sequences of k-modules are exact:

D(A0, A) f∗−→ D(A0, B) g∗−→ D(A0, C),

D(C,A0) g∗−→ D(B,A0) f∗−→ D(A,A0).

Proof. Let us consider the first sequence: we only have to show that Im f∗ ⊇ ker g∗,
since the other inclusion follows directly from gf = 0 (Lemma 3.8). Let α ∈ D(A0, B)
be such that g∗α = gα = 0. We apply TR1 and Lemma 3.9 as follows:

A0 A0
1A0 // 0// A0[1]//

A

β

��
B

α

��
C
��

A′[1].

β[1]

��
f // g // h //

Hence, we find β : A0 → A such that fβ = f∗β = α, as required.
Exactness of the second sequence is proven with the same argument, passing directly

to the opposite category Dop.

Remark 3.11. Applying TR2 and the above result, we actually obtain long exact se-
quences:

· · · −→ D(A0, A[n]) −→ D(A0, B[n]) −→ D(A0, C[n]) −→ D(A0, A[n+ 1]) −→ · · · ,

· · · −→ D(C[n], A0) −→ D(B[n], A0) −→ D(A[n], A0) −→ D(C[n− 1], A0) −→ · · · .
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Proposition 3.12. Let

A B
f // C

g // A[1]h //

A′

u

��
B′

v

��
C ′

w

��
A′[1]

u[1]

��
f ′ // g′ // h′ //

be a morphism of distinguished triangles. If two of the morphisms u, v and w are iso-
morphisms, then so is the third.

Proof. Let us show that w is an isomorphism when u and v are so; by TR2, the other
cases will follow from this particular one. We apply the functor D(C ′,−) to the above
diagram, obtaining the following commutative diagram, which by the above remark has
exact rows:

D(C ′, A) D(C ′, B)f∗ // D(C ′, C)g∗ // D(C ′, A[1])h∗ //

D(C ′, A′)

u∗

��
D(C ′, B′)

v∗

��
D(C ′, C ′)

w∗

��
D(C ′, A′[1]).

u[1]∗

��f ′∗ // g′∗ // h′∗ //

u∗, v∗, u[1]∗ and v[1]∗ are isomorphisms by hypothesis, and we may apply the five lemma,
which ensures us that w∗ : D(C ′, C) → D(C ′, C ′) is an isomorphism, too. In particu-
lar, there exists w1 ∈ D(C ′, C) such that ww1 = 1C′ . Next, by applying the functor
D(−, C) and invoking again the five lemma, we deduce that w∗ : D(C ′, C) → D(C,C)
is an isomorphism, and in particular there exists w2 ∈ D(C ′, C) such that w2w = 1C .
Therefore w is an isomorphism, for it has a left and a right inverse (which a posteriori
coincide).

Proposition 3.13. Let
A

0−→ B
f−→ C

g−→ A[1]

be a distinguished triangle, where the map A → B is the zero morphism. Then C is a
biproduct of A[1] and B. Moreover, if we denote by

A[1] A[1]⊕B
i //
p

oo B
s

//
joo

the canonical maps associated to the biproduct A[1]⊕B, the triangle

A
0−→ B

j−→ A[1]⊕B p−→ A[1]

is distinguished.
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Proof. By Remark 3.11, the sequence

D(A[1], C) g∗−→ D(A[1], A[1]) 0−→ D(A[1], B[1])

is exact, in particular g∗ is surjective. Hence, there is a morphism g̃ : A[1] → C such
that gg̃ = 1A[1].

Now, recall that the maps j, p, i, s associated to A[1]⊕B satisfy the following equal-
ities:

pi = 1A[1], sj = 1B, si = 0, pj = 0, ip+ js = 1A[1]⊕B.

We set w := g̃p+ fs : A[1]⊕B → C; then, the diagram

A B
0 // A[1]⊕Bj // A[1]p //

A B C

w

��
A[1]0 // f // g //

is clearly commutative.
Next, recall that for any E ∈ D, the sequences

D(E,A) 0−→ D(E,B) j∗−→ D(E,A[1]⊕B) p∗−→ D(E,A[1]) 0−→ D(E,B[1])

and

D(B[1], E) 0−→ D(A[1], E) p∗−→ D(A[1]⊕B,E) j∗−→ D(B,E) 0−→ D(A,E)

are exact (this follows from the properties of the maps associated to the biproduct
A[1]⊕B). Then, applying D(C,−) to the above commutative diagram, we obtain

D(C,A) D(C,B)0 // D(C,A[1]⊕B)j∗ // D(C,A[1])p∗ //

D(C,A) D(C,B) D(C,C)

w∗

��
D(C,A′[1]),0 // f∗ // g∗ //

which is commutative and has exact rows. Then, by the five lemma, w∗ : D(C,A[1] ⊕
B)→ D(C,C) is an isomorphism, and in particular there exists w1 : C → A[1]⊕B such
that ww1 = 1C . Applying D(−, A[1] ⊕ B) and invoking again the five lemma, we find
that w∗ : D(C,A[1]⊕B)→ D(A[1]⊕B,A[1]⊕B) is an isomorphism, and in particular
there exists w2 : C → A[1]⊕B such that w2w = 1A[1]⊕B. Therefore w is an isomorphism,
and the result follows.

Corollary 3.14. Let A f−→ B −→ C −→ A[1] be a distinguished triangle. Then f is an
isomorphism if and only if C ∼= 0.
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Proof. Suppose first that f is an isomorphism. By Remark 3.11, the following sequence
is exact:

D(C,A) f∗−→ D(C,B) −→ D(C,C) −→ D(C,A[1]) f [1]∗−→ D(C,B[1]);

by hypothesis, f∗ and f [1]∗ are isomorphisms, and this forces D(C,C) = 0, that is C ∼= 0.
For the converse statement, let C ∼= 0 and consider the following morphism of dis-

tinguished triangles:

A B
f // C// A[1]//

B

f

��
B

1B

��
0
��

B[1].

f [1]

��1B // // //

The zero map C → 0 is an isomorphism by definition, so by Proposition 3.12 the mor-
phism f is an isomorphism, as claimed.

Corollary 3.15. Let f : A→ B be a morphism, and let A f−→ B −→ C −→ A[1], A f−→
B −→ C ′ −→ A[1] be distinguished triangles which complete f . Then the two cones C
and C ′ are isomorphic.

Proof. This is a direct application of TR3 and Proposition 3.12:

A B
f // C//

A B C ′.

w

��
f // //

Remark 3.16. Even if any two cones C,C ′ of a morphism f : A → B are isomorphic,
as shown above, it is virtually impossible to find an isomorphism C → C ′ which is
uniquely determined in some natural sense. In fact, supposing that (A,B,C, f, g, h) is
a distinguished triangle obtained from f , and given any isomorphisms u : A → A, v :
B → B, z : C → C ′ such that vf = fu (note that z is completely arbitrary), we get an
isomorphism of triangles:

A B
f // C

g // A[1]h //

A

u

��
B

v

��
C ′

z

��
A[1].

u[1]

��f // zgv−1
// u[1]hz−1

//
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By TR1 the triangle of the bottom row is distinguished. One could hope, for instance,
that an isomorphism C → C ′ depended by a suitable couple of isomorphisms A → A
and B → B commuting with f , but this (general) example shows that in a triangulated
category such a dependence cannot be established in a natural way.

3.2 Triangulated subcategories
Given a triangulated category D, it is interesting to study the subcategories of D which
inherit the triangulated structure.

Definition 3.17. Let D be a triangulated category, and D′ ⊆ D a full subcategory. We
say that D′ is triangulated if it admits a structure of triangulated category such that the
inclusion functor D′ ↪→ D is exact.

Lemma 3.18. Let D′ be a full triangulated subcategory of D. Then the shift functor
of D′ is (up to isomorphism) the restriction to D′ of that of D, and the distinguished
triangles of D′ are given by the triangles (A,B,C, f, g, h) in D′, which are distinguished
in D. In particular, the triangulated structure on D′ is uniquely determined.

Proof. The first claim is immediate, since the inclusion functor commutes with shifts.
Also, a distinguished triangle in D′ is distinguished in D, by exactness of the inclusion
functor. Next, let (A,B,C, f, g, h) be a triangle in D′ which is distinguished in D. Then,
we may complete f : A→ B to a distinguished triangle in D′, which is distinguished in
D and isomorphic to (A,B,C, f, g, h) in D, by TR3 and 3.12:

A B
f // C

g // A[1]h //

A B C ′
��

A[1].f // // //

Now, D′ is a full subcategory of D, so the above is an isomorphism of triangles in D′,
and by TR1 we conclude that (A,B,C, f, g, h) is distinguished in D′.

Proposition 3.19. Let D be a triangulated category and let D′ ⊆ D be a full subcategory
(not necessarily additive). Then D′ is a triangulated subcategory if and only if it is
invariant (up to isomorphism) under the shift functor of D and for any distinguished
triangle A −→ B −→ C −→ A[1] in D with A,B ∈ D′, C is isomorphic to an object in
D′.

Proof. Suppose that D′ is a triangulated subcategory. Since the shift functor of D′ is,
up to isomorphism, the restriction of the shift in D, we may identify the shift A[1] of
A ∈ D′ with an object of D′. Next, let A −→ B −→ C −→ A[1] be a distinguished
triangle in D with A,B ∈ D′. Since D′ is full, we may complete the morphism A → B
to a distinguished triangle in D′ with cone C ′; this in turn gives a distinguished triangle
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A −→ B −→ C ′ −→ A[1] in D, and so applying TR3 and Proposition 3.12 as already
seen before, we deduce C ∼= C ′, as claimed.

For the converse statement, we define on D′ the following triangulated structure: the
shift functor is the restriction of the shift functor of D (by hypothesis, we may identify
any shift A[n] of an object A ∈ D′ with an object of D′ via a chosen isomorphism),
and the distinguished triangles are the triangles in D′ which are distinguished in D.
Now, we may complete a given morphism f : A → B in D′ to a distinguished triangle
(A,B,C, f, g, h) in D, and by assumption C is isomorphic to an object C ′ ∈ D′; if we
denote by z : C → C ′ this isomorphism, we get a morphism of triangles

A B
f // C

g // A[1]h //

A B C ′

z

��
A[1],f // zg // hz−1

//

where the bottom triangle is by definition distinguished in D′. Hence, part (iii) of axiom
TR1 follows; the other axioms are immediate consequence of the fullness hypothesis. To
conclude, we check that D′ is an additive subcategory, i.e. it contains biproducts and
zero objects; this follows directly from the hypothesis, given that any cone of an identity
morphism is a zero object (axiom TR1), and any cone of the zero morphism A[−1]→ B
for arbitrary A,B ∈ D′ is a biproduct of A and B (Proposition 3.13).

In studying triangulated subcategories, it is useful to find objects which act as gen-
erators. There are some different notions of “triangulated subcategory generated by a
family of objects”; in our work we will only need the following (simple) one.

Definition 3.20. Let D be a triangulated category, and E a family of objects1 in D. The
triangulated envelope of E , denoted by 〈E〉tr, is the smallest strictly full2 triangulated
subcategory of D which contains E . If D = 〈E〉tr, we say that D is generated by E .

We describe a characterization of the triangulated envelope of a given family E . We
define by recursion a sequence E(n) of families of objects in D, as follows: E(0) := E , and
E(n) (n > 1) is the set of objects in D which are isomorphic to an object in E(n−1), or
to an arbitrary shift of an object in E(n−1), or to a cone of a morphism between objects
in E(n−1). Observe that E(n) ⊆ E(n+1) for any n ≥ 0. The idea is that 〈E〉tr must be the
category obtained from E by adding recursively shifts and cones, namely:

Proposition 3.21. Let D be a triangulated category, E a family of objects in D. Then,
the triangulated envelope 〈E〉tr of E has object set given by

Ob〈E〉tr =
⋃
n≥0
E(n). (3.4)

1With a little abuse of notation, we will often consider family of objects in D and full subcategory of
D as the same notion.

2By definition, a subcategory C′ of a category C is strictly full if it is full and closed under isomor-
phisms: whenever C ∈ C is isomorphic to an object in C′, then it is already in C′.



3.3. THE HOMOTOPY CATEGORY OF COMPLEXES 37

Proof. Let D′ be the full subcategory of D with object set
⋃
n≥0 E(n). Applying Propo-

sition 3.19 we easily see that D′ is a triangulated subcategory of D: if E ∈ E(k), then
E[1] ∈ E(k+1), and similarly if it is given a morphism A→ B with A ∈ E(h) and B ∈ E(k),
then any cone C of that morphism is in E(max{h,k}+1). D′ is also simply proven to be
strictly full, since the families E(k) are themselves stable under isomorphisms. Hence, we
obtain the inclusion Ob〈E〉tr ⊆

⋃
n≥0 E(n).

To prove the other inclusion, we argue by induction. Clearly E(0) = E ⊆ Ob〈E〉tr; for
the inductive step, we suppose E(k) ⊆ Ob〈E〉tr and prove that E(k+1) ⊆ Ob〈E〉tr. But this
is clear, using the fact that 〈E〉tr is triangulated and strictly full. Our claim follows.

Given a triangulated category, one always hopes that it is generated by a “simple”
family of objects. An adequate notion of “simplicity” is given by the following definition.

Definition 3.22. Suppose that k is a field, and let D be a triangulated category. An
object E ∈ D is called exceptional if

D(E,E[h]) =
{
k if h = 0
0 if h 6= 0

.

An exceptional sequence is a sequence of exceptional objects E1, . . . , En in D such
that D(Ei, Ej [h]) = 0 for all i > j and all h ∈ Z. The exceptional sequence (E1, . . . , En)
is said to be strong if D(Ei, Ej [h]) = 0 for all i, j = 1, . . . , n and all h ∈ Z \ {0}. It is
said to be full if D = 〈E1, . . . , En〉tr.

Roughly speaking, an exceptional sequence has nontrivial hom-sets only “in the for-
ward direction”, and a strong exceptional sequence has morphisms only in degree 0.
Triangulated categories with full exceptional sequences arise in several geometrically rel-
evant situations, and will be directly involved in the main result of our work, discussed
in Chapter 5.

3.3 The homotopy category of complexes
A fundamental example of triangulated category is given by the category K(k) of com-
plexes and chain maps up to homotopy. In the following we briefly describe its canonical
triangulated structure.

The crucial notion which allows us to define the distinguished triangles in K(k) is
that of mapping cone of a chain map.

Definition 3.23. Let f : V → W be a chain map of complexes. The mapping cone of
f is defined to be the complex C(f) such that:

C(f)i := V i+1 ⊕W i, dC(f) =
(
−di+1

V 0
f i+1 diW

)
, (3.5)

for all i ∈ Z.
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It is readily checked that d2
C(f) = 0, so that C(f) is indeed a complex. The underlying

graded module of C(f) is by definition V [1] ⊕W , and we may consider the canonical
degree 0 maps of inclusion (of the first summand W ) and projection (on the second
summand V [1]), respectively j : W → C(f) and p : C(f)→ V [1]; these are immediately
proven to commute with the differentials, and therefore we obtain a sequence of chain
maps:

V
f−→W

j−→ C(f) p−→ V [1]. (3.6)

We also denote by i (resp. s) the inclusion map V [1]→ C(f) (resp. the projection map
C(f)→W ):

V [1] C(f)
i //
p

oo W
s

//
joo . (3.7)

Notice that i and s need not be chain maps. The four maps j, p, i, s are the canonical
morphisms of the biproduct V [1]⊕W of V [1] and W as graded modules:

pi = 1V [1], sj = 1W , si = 0, pj = 0, ip+ js = 1C(f). (3.8)

Further properties of them are summarized in the following lemma:

Lemma 3.24. Let f : V → W be a chain map, and let C(f) be its mapping cone,
together with the natural maps j, p, i, s as defined above. The sequence

V
f−→W

j−→ C(f) p−→ V [1] −f [1]−→ W [1]

is exact in C(f); moreover, jf ≈ 0 (resp. −f [1]p ≈ 0) with homotopy operator given by
i viewed as a degree −1 map V → C(f) (resp. given by s viewed as a degree −1 map
C(f)→W [1]).

Proof. It is a straightforward computation, which we leave to the reader.

Now, we define the distinguished triangles in K(k) to be the images in the homotopy
category of sequences as (3.6), together with any triangle isomorphic to them in K(k).
The shift functor is given by the usual shift of complexes and chain maps. The follow-
ing result, combined directly with the definitions of mapping cones and distinguished
triangles in K(k), implies axiom TR1:

Proposition 3.25. The mapping cone of an identity morphism is homotopic to 0.

Proof. Let V be a complex. Our goal is to show that 1C(1V ) ≈ 0. We define a homotopy
operator H : C(1A) → C(1A) as the degree −1 morphism (of the underlying graded
modules) with components

H i : V i+1 ⊕ V i → V i ⊕ V i−1, H i =
(

0 1V i

0 0

)
. (3.9)

A direct computation shows that, indeed, 1C(1V ) = H i+1di + di−1H i, and the claim
follows.



3.3. THE HOMOTOPY CATEGORY OF COMPLEXES 39

The next two propositions prove respectively TR2 and TR3.

Proposition 3.26. Let f : V → W be a chain map, and let C(f) be its mapping
cone, with the natural maps j, p, i, s. We also denote by j′, p′, i′, s′ the canonical maps
associated to the mapping cone C(j) of j. Then, there is a chain map w : A[1] → C(j)
which makes the following diagram commute in K(k):

W C(f)j // V [1]p // W [1]
−f [1] //

W C(f) C(j)

w

��
W [1].j // j′ // p′ //

Moreover, w is an isomorphism in K(k).

Proof. Recalling that C(j) = W [1]⊕ C(f) = W [1]⊕ V [1]⊕W as a graded module, we
define w : V [1]→ C(j) as the map−f [1]

1V [1]
0

 = j′i− i′f [1],

and z : C(j)→ V [1] as (
0 1V [1] 0

)
= ps′.

Notice that the differential of the mapping cone C(j), with respect to the direct sum
decomposition W [1]⊕ V [1]⊕W , is given by

diC(j) =

−d
i+1
W 0 0
0 −di+1

V 0
1W i+1 f i+1 diW

 .
Now, direct computations (recall the sign conventions for differentials of shifted com-
plexes) show that w and z are chain maps, and clearly zw = 1V [1]. On the other hand,
we find that

wz =

0 −f [1] 0
0 1V [1] 0
0 0 0


is homotopic to the identity morphism 1C(j): a homotopy operator is given by0 0 1W

0 0 0
0 0 0

 .
To conclude, we must show that w makes the above diagram commute in K(k). The right
square is commutative even in C(k): we have p′w = −f [1] directly from the definition
of w. To prove the commutativity of the middle square, observe that zj′ = p, and so we
conclude that wp = wzj′ ≈ j′, for z is an homotopy inverse of w, as already proven.
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Proposition 3.27. Let

V W
f //

Y

u

��
Z

v

��f ′ //

be a diagram of complexes and chain maps, commutative in K(k), and let j, p, i, s (resp.
j′, p′, i′, s′) be the canonical maps associated to the mapping cone C(f) (resp. C(f ′)).
Then there exists a chain map w : C(f) → C(f ′) such that the following diagram is
commutative in K(k):

V W
f // C(f)j // V [1]p //

Y

u

��
Z

v

��
C(f ′)

w

��
Y [1].

u[1]

��f ′ // j′ // p′ //

Proof. Let H be a homotopy operator between vf and f ′u:

vf − f ′u = HdV + dZH.

We define w : C(f) → C(f ′) as follows, with respect to the direct sum decompositions
C(f) = V [1]⊕W and C(f ′) = Y [1]⊕ Z:

wi :=
(
ui+1 0
H i+1 vi

)
,

for any i ∈ Z. Notice that, by definition of w itself, the right and the middle square of
the diagram are commutative even in C(k): p′w = u[1]p and wj = j′v. Then it suffices
to check that w is indeed a chain map, but this is straightforward.

Functoriality of the mapping cone

An interesting feature of the mapping cone of a chain map is its functoriality, as we
are going to explain. Recall that, given an arbitrary k-linear category C, its category
of morphisms Mor C is the k-linear category whose objects are morphisms A f→ B =
(A,B, f) in C, and such that

Mor C((A,B, f), (A′, B′, f ′)) := {(u, v) ∈ C(A,A′)× C(B,B′) : f ′u = vf},

with compositions defined componentwise.

Proposition 3.28. There is a natural k-linear functor Cone : Mor C(k)→ C(k), which
maps a morphism f : V →W to its mapping cone C(f), and such that for any morphism
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(u, v) : (V1
f→W1)→ (V2

g→W2) in Mor C(k), Cone(u, v) : C(f)→ C(g) is given by the
following matrix, with respect to the usual direct sum decompositions C(f) = V1[1]⊕W2
and C(g) = V2[1]⊕W2: (

u[1] 0
0 v

)
.

The proof of the above proposition is straightforward. We actually obtain a commu-
tative diagram in C(k):

V1 W1
f // C(f)// V1[1]//

V2

u

��
W2

v

��
C(g)

��
V2[1],

u[1]

��g // // //

(3.10)

where the unlabeled maps are the obvious ones. It is worth noticing that the mapping
cone is not functorial if we view it in the triangulated category K(k). The natural
definition of a cone functor Cone′ : Mor K(k)→ K(k) would be as follows: Cone′([f ]) =
C(f) for any object [f ] of Mor K(k) (here [f ] denotes the homotopy class of f), and any
morphism ([u], [v]) : (V1

[f ]→W1)→ (V2
[g]→W2) is mapped to the morphism [w] : C(f)→

C(g) given by

wi :=
(
ui+1 0
H i+1 vi

)
(i ∈ Z),

where H is a homotopy operator between vf and gu. This definition would make the
analogue of diagram (3.10) commute in K(k), but it is not well posed. First of all,
[f ] = [g] in Mor K(k) does not imply C(f) = C(g), since dC(f) and dC(g) are different
if f 6= g. Actually this is not a serious problem, since C(f) is isomorphic to C(g) in
K(k), but the definition on a morphism ([u], [v]) as above depends on the homotopy
operator between vf and gu, and different operators can bring to different morphisms
C(f)→ C(g). To have an idea of this, suppose that f = 0, g = 0 as maps in C(k), and let
u, v be arbitrary. Of course 0u = v0, and the zero map is a homotopy operator between
0 : V1 →W2 and itself. Then, suppose that H 6= 0 is another homotopy operator:

0 = H i+1di + di−1H i (i ∈ Z).

Now, if we denote by w1 and w2 the morphisms given by

wi1 =
(
ui+1 0
H i+1 vi

)
, wi2 =

(
ui+1 0

0 vi

)
(i ∈ Z)

and suppose w1 ≈ w2, we obtain (with a direct computation)

H i = di−1hi+1 − hi+2di+1 (i ∈ Z),
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where h : V1 → W2 is some degree −2 morphism of graded modules. Hence, if
Hom(V1,W2)−2 = 0, we get H = 0, which is a contradiction.

The failure of cones to be functorial in K(k) (actually, in any interesting triangu-
lated category) specifies the statements of Remark 3.4: the attempt to define a natural
completing morphism between cones does not succeed.

3.4 Derived categories and derived functors
As already pointed out, the theory of triangulated categories comes as an attempt to
axiomatize the properties of derived categories of abelian categories, a fundamental the-
oretical tool in algebraic geometry and many other branches of mathematics. These
categories are defined in a similar way to the derived categories of dg-categories; ac-
tually, the latter ones have been developed more recently, even if we already discussed
them in this work. In this section we limit ourselves to describing the main features of
the theory, and we give some interesting examples from algebraic geometry.

We fix once and for all a (k-linear) abelian category A. With the proper technicals
adjustments, we may generalize the whole theory of cochain complexes of k-modules
directly to cochain complexes of objects of A; these complexes, together with chain maps,
form the category C(A). If we consider only complexes which are bounded below, or
bounded above, or bounded3, we may form the categories C+(A), C−(A) and Cb(A). Let
C∗(A) be one of these categories (including C(A)); passing to the quotient with respect
to the homotopy equivalence relation, we obtain the homotopy category K∗(A). Now,
let us denote by W the family of (homotopy equivalence classes of) quasi-isomorphisms
in K∗(A).

Definition 3.29. The localized category K(A)[W−1] is called the derived category of
A, and denoted by D(A). The localized category K∗(A)[W−1] is similarly denoted by
D∗(A), and we will always write

L∗A : K∗(A)→ D∗(A)

for the canonical localization functor.
The category D+(A) (resp. D−(A), Db(A)) is called the bounded below (resp.

bounded above, bounded) derived category of A.

Remark 3.30. The derived category D∗(A) could be equivalently be defined as the lo-
calization of C∗(A) along quasi-isomorphisms, cfr. [GM03].

With the same arguments as in the case of complexes of k-modules, we may prove
that the homotopy category K∗(A) is triangulated; the family of quasi-isomorphisms
W is a multiplicative system compatible with the triangulation (cfr. [Har66])4, and it

3A complex V is said to be bounded below if V i = 0 for i� 0, bounded above if V i = 0 for i� 0, and
bounded if it is both bounded above and below.

4This compatibility condition ensures that any functor induced on the localized category by an exact
functor is itself exact.
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turns out that the category D∗(A) is also k-linear and triangulated, and the localization
functor is exact. Observe that the inclusions Kb(A) ↪→ K+(A) ↪→ K(A) and Kb(A) ↪→
K−(A) ↪→ K(A) are exact functors which preserve quasi-isomorphism, and hence induce
exact functors

Db(A)→ D+(A)→ D(A) (3.11)

and
Db(A)→ D−(A)→ D(A). (3.12)

A useful result is that the above functors are fully faithful; in the following, we will
view them as inclusions. Also, it is worth mentioning that the natural inclusion functor
A ↪→ K(A) (obtained viewing objects in A as complexes concentrated in degree 0),
when composed with the localization functor K(A)→ D(A), gives rise to a fully faithful
functor

A ↪→ D(A);

moreover, it can be shown that the triangulated envelope of A, viewed as a full sub-
category of D(A) via the above functor, is equivalent to the bounded derived category
Db(A).

Remark 3.31. Much like model category theory, the study of multiplicative systems gives
a way to describe morphisms in localized categories. We will not go into the details of
this alternative approach, but it is worth mentioning that it can be applied also to
derived categories of dg-categories, which are themselves triangulated categories.

Abelian categories allow us to speak of exact sequences and (left, right) exact functors.
We recall the definition of the latter ones.

Definition 3.32. Let F : A → B be a k-linear functor between abelian categories. F
is said to be left exact (resp. right exact) if, for any short exact sequence

0 −→ A
f−→ B

g−→ C −→ 0,

the sequence
0 −→ F (A) F (f)−→ F (B) F (g)−→ F (C)

(resp. the sequence

F (A) F (f)−→ F (B) F (g)−→ F (C) −→ 0)

is exact.
F is said to be exact if it is both left and right exact, that is, F maps short exact

sequences to short exact sequences.

Let F : A → B be a k-linear functor between abelian categories. F naturally
induces an exact functor K∗(F ) : K∗(A) → K∗(B). If F is exact as a functor between
abelian categories, then K∗(F ) maps quasi-isomorphisms to quasi-isomorphisms, thus
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inducing an exact functor D∗(F ) : D∗(A)→ D∗(B), such that the following diagram is
commutative:

K∗(A) K∗(B)
K∗(F ) //

D∗(A)

L∗A

��
D∗(B).

L∗B

��D∗(F ) //

If the functor F : A → B is not exact, it is not ensured that K∗(F ) preserves quasi-
isomorphisms, and hence we cannot obtain a naturally induced functor D∗(A)→ D∗(B)
with the above procedure. However, under appropriate hypothesis on A and assuming
that F is at least left or right exact, there is a way to induce a natural functor between
the derived categories; this new functor measures the deviation from exactness of the
original functor F , and it is called the derived functor of F . To be more precise, for a
left exact functor F : A→ B one constructs the right derived functor

RF : D+(A)→ D+(B), (3.13)

and for a right derived functor F : A→ B one constructs the left derived functor

LF : D−(A)→ D−(B). (3.14)

Both are defined by means of a universal property. We may allow ourselves to a greater
generality, and give the notion of derived functor for exact functors K∗(A)→ K(B).

Definition 3.33. Let A and B be abelian categories, and let F : K∗(A)→ K(B) be an
exact functor.

1. A right derived functor of F is the data of an exact functor

RF : D∗(A)→ D(B)

together with a natural transformation

ζ : LB ◦ F → RF ◦ L∗A

such that, for any exact functor G : D∗(A) → D(B) and any natural transfor-
mation ξ : LB ◦ F → G ◦ L∗A, there exists a unique morphism η : RF → G such
that

ξ = (η ◦ L∗A) ◦ ζ.

2. A left derived functor of F is the data of an exact functor

LF : D∗(A)→ D(B)

together with a natural transformation

ζ : LF ◦ L∗A → LB ◦ F
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such that, for any exact functor G : D∗(A) → D(B) and any natural transfor-
mation ξ : G ◦ L∗A → LB ◦ F , there exists a unique morphism η : G → LF such
that

ξ = ζ ◦ (η ◦ L∗A).

If F : A → B is a functor between abelian categories, we write R∗F and L∗F for
R(K∗(F )) and L(K∗(F )); when no confusion can result, we simply write RF or LF .
From the definition it follows that a right or left derived functor is uniquely determined
up to a canonical isomorphism, and thus we are allowed to speak of the (left or right)
derived functor.

Now, recall that an abelian category is said to have enough injectives (resp. enough
projectives) if for any object A there exists a monomorphism A → I with I injective
(resp. an epimorphism P → A with P projective). With this kind of assumptions, it is
possible to show the following existence theorem of derived functors (3.13) and (3.14).

Theorem 3.34. 1. Let F : A→ B be a left exact functor between abelian categories,
and suppose that A has enough injectives. Then F admits a right derived functor
RF : D+(A)→ D+(B).

2. Let F : A→ B be a right exact functor between abelian categories, and suppose that
A has enough projectives. Then F admits a left derived functor LF : D−(A) →
D−(B).

Remark 3.35. There is a more general existence theorem of derived functors, for exact
functors F : K∗(A) → K(B) and without the assumption that A contains enough
injectives or projectives. Namely, F admits a right derived functor R∗F (resp. a left
derived functor L∗F ) if there exists a full triangulated subcategory KF ⊆ K∗(A) such
that:

1. For any acyclic complex V ∈ KF , F (V ) is also acyclic.

2. For any object V ∈ K∗(A), there exists a quasi-isomorphism V → I (resp. a
quasi-isomorphism P → V ), with I, P ∈ KF .

Examples from algebraic geometry

Next, we show examples of derived categories and functors which arise naturally in
algebraic geometry. The treatment of geometric topics here is not meant to be compre-
hensive: the reader should refer to any textbook on the subject, such as [Har77]. In this
part of the work, we suppose that k is a field; moreover, every scheme will be assumed
to be noetherian.

Given a scheme X = (|X|,OX) over k, we may form the abelian category Mod(X)
of sheaves of OX -modules. The quasi-coherent sheaves and the coherent sheaves form
full abelian subcategories QCoh(X) and Coh(X) of Mod(X):

Coh(X) ↪→ QCoh(X) ↪→Mod(X).
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A morphism of schemes f : X → Y induces a direct image functor

f∗ : Mod(X)→Mod(Y )

and a pullback functor
f∗ : Mod(Y )→Mod(X).

Both functors preserve quasi-coherent sheaves. The pullback preserves also coherent
sheaves, whereas the direct image does not in general; however, if f is proper, then f∗
indeed preserves coherent sheaves. There is also a tensor product bifunctor

−⊗− : Mod(X)×Mod(X)→Mod(X)

which preserves both quasi-coherent and coherent sheaves. It turns out that f∗ is left
exact, f∗ is right exact, and F ⊗− is right exact for any F ∈ D−(Mod(X)). Hence, we
obtain the following derived functors:

Rf∗ : D+(Mod(X))→ D+(Mod(Y )),
Lf∗ : D−(Mod(Y ))→ D−(Mod(X)),

F
L
⊗− : D−(Mod(X))→ D−(Mod(X)).

For the sake of simplicity, we assume from now on that X and Y are smooth pro-
jective varieties; in this case, the morphism f : X → Y is automatically proper, and
moreover the morphisms induced on the derived categories by the inclusions Coh(X) ↪→
Qcoh(X) ↪→Mod(X), namely

D∗(Coh(X))→ D∗(Qcoh(X))→ D∗(Mod(X)),

are fully faithful; we will view them as inclusions. Next, let us set

Db(X) := Db(Coh(X));

our assumptions on X and Y ensure, among the other things, that the above derived
functors preserve the bounded derived category of coherent sheaves, that is (also assum-
ing that F ∈ Db(X))

Rf∗|Db(X) : Db(X)→ Db(Y ),
Lf∗|Db(Y ) : Db(Y )→ Db(X),

(F
L
⊗−)|Db(X) : Db(X)→ Db(X).

More precisely, the above restrictions of these derived functors are, up to isomorphism,
the derived functors of the restrictions. Namely, in the case of f∗, the natural map

R(f∗|Db(X)) −→ Rf∗|Db(X)

is an isomorphism; the same holds, mutatis mutandis, for f∗ and F ⊗−.
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Given two smooth projective varieties X and Y , there is a procedure to construct
exact functors Db(X) → Db(Y ) which combines the above three derived functors. Let
us denote by p : X × Y → X and q : X × Y → Y the canonical projection morphisms.
Then, for any E ∈ Db(X × Y ), there is an exact functor

ΦE : Db(X)→ Db(Y ) (3.15)

which is defined by Rq∗(E
L
⊗Lp∗(−)). An exact functor F : Db(X)→ Db(Y ) such that

F ∼= ΦE for some E ∈ Db(X × Y ) is called of Fourier-Mukai type, and E is said to be a
Fourier-Mukai kernel of F . The mapping E 7→ ΦE is itself functorial, and gives rise to a
k-linear functor

ΦX→Y
− : Db(X × Y )→ Funex(Db(X),Db(Y )) (3.16)

Current research is devoted to investigate the properties of this functor: for instance,
Orlov showed that fully faithful exact functors F : Db(X)→ Db(Y ) are in its essential
image, i.e. they admit a Fourier-Mukai kernel (see [CS11a] for further references). In
Chapter 5 we will see how dg-categories enhance our understanding of ΦX→Y

− , outlining
a new approach for its study.
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Chapter 4

Pretriangulated dg-categories

As hinted in the previous chapter, pretriangulated dg-categories are introduced as a
better-behaved setting to study problems which originally arise in triangulated cate-
gories. The main idea in their definition is to generalize the concepts of shift and
mapping cone of a complex, and define pretriangles to be sequences such as (3.6); the
dg-category Cdg(k) of complexes will then be the prototypical example of pretriangu-
lated dg-category.

4.1 Definitions and basic results

We start by defining the shift of an object in a dg-category, as a generalization of the
ordinary shift of a complex.

Definition 4.1. Let A be a dg-category, A ∈ A and n ∈ Z. A n-shift of A is an object
A[n] ∈ A together with two closed morphisms

1(A,n,0) : A[n]→ A, 1(A,0,n) : A→ A[n], (4.1)

such that deg(1(A,n,0)) = n, deg(1(A,0,n)) = −n and

1(A,n,0)1(A,0,n) = 1A, 1(A,0,n)1(A,n,0) = 1A[n].

Given a morphism f in A, we will often employ the notation

f [n] := 1(B,0,n)f1(A,n,0) : A[n]→ B[n] (n ∈ Z). (4.2)

A n-shift, if it exists, is unique up to a natural dg-isomorphism: if A[n] and A[n]′
are two n-shifts of an object A ∈ A, with associated morphisms 1(A,n,0), 1(A,0,n) and
1′(A,n,0), 1

′
(A,0,n), then clearly 1′(A,0,n)1(A,n,0) and 1(A,0,n)1′(A,n,0) are closed degree 0 maps,

each one inverse to the other.
Next, we define the cone of a degree 0 morphism: it is a direct generalization of the

mapping cone of a chain map of complexes.

49



50 CHAPTER 4. PRETRIANGULATED DG-CATEGORIES

Definition 4.2. Let A be a dg-category and let f : A → B be a closed degree 0
morphism in A; suppose moreover that A contains the shift A[1]. A cone of f is an
object C ∈ A together with degree 0 morphisms

A[1] C
i //
p

oo B
s

//
joo , (4.3)

such that
pi = 1A[1], sj = 1B, si = 0, pj = 0, ip+ js = 1C (4.4)

and
dj = 0, dp = 0, di = jf1(A,1,0), ds = −f1(A,1,0)p. (4.5)

Conditions (4.4) tell us that any cone C of f is a biproduct of A[1] and B in A, viewed
as a k-linear category; conditions (4.5) stem from the properties proven in Lemma 3.24,
about the mapping cone of a chain map. Indeed, (4.4) and (4.5) ensure that a cone, if
it exists, is uniquely determined up to a natural isomorphism:

Proposition 4.3. Let C and C ′ be two cones of a degree 0 morphism f : A → B, and
let j, p, i, s (resp j′, p′, i′, s′) be the canonical maps associated to C (resp. C ′). Then,
there is a unique closed degree 0 isomorphism h : C → C ′ such that

hi = i′, hj = j′, p′h = p, s′h = s.

Proof. The existence and uniqueness of h follows directly form the universal property
of the biproduct of A[1] and B in A viewed as a k-linear category. Now, notice that
the zeroth component of h has the same properties as h, thus by uniqueness h itself is a
degree 0 morphism. Moreover, taking differentials and using conditions (4.5), we obtain

d(hj) = (dh)j = dj′ = 0,
d(hi) = (dh)i+ h(di) = (dh)i+ hjf1(A,1,0) = di′ = j′f1(A,1,0) = hjf1(A,1,0),

and so

(dh)j = 0
(dh)i = 0.

Therefore, dh = 0; the claim follows.

By the above result, we may speak of the cone of a (closed, degree 0) morphism f ,
which we denote by C(f). A sequence of the form

A
f−→ B

j−→ C(f) p−→ A[1] (4.6)

is called preexact triangle, or pretriangle; notice that any dg-functor preserves shifts,
cones and preexact triangles.

We are now able to give the definition of pretriangulated dg-category.
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Definition 4.4. Let A be a dg-category. We say that A is pretriangulated if any object
A ∈ A admits all shifts A[n] in A, and if A contains the cone of any closed degree 0
morphism.

Remark 4.5. Some authors call strongly pretriangulated the dg-categories which satisfy
the above definition, and reserve the adjective pretriangulated for dg-categories which,
roughly speaking, contain shifts and cones up to homotopy equivalence; we will never
make use of this weaker notion, and we refer to [BLL04] for any details about it.

The following fundamental theorem links pretriangulated dg-categories to triangu-
lated categories.

Theorem 4.6. Let A be a dg-category. If A is pretriangulated, then H0(A) is a trian-
gulated category.

To achieve this result, we will argue as in the proof that K(k) is triangulated, de-
scribed in Section 3.3. We start with the analogue of Proposition 3.25.

Proposition 4.7. Let A ∈ ObA. Then the cone C(1A) of the identity morphism is a
zero object in H0(A).

Proof. We must show that 1C(1A) is a 0-coboundary. We define g ∈ A(C(1A), C(1A))−1

as
g := i1(A,0,1)s.

Then, we obtain

dg = di1(A,0,1)s− i1(A,0,1)ds = js+ ip = 1C(1A),

as claimed.

Remark 4.8. Notice that, in matrix notation with respect to the biproduct decomposition
C(1A) = A[1]⊕A, the map g of the above proof is given by(

0 1(A,0,1)
0 0

)
,

in analogy with the homotopy operator constructed in the proof of Proposition 3.25.
The following two propositions are direct generalizations of Proposition 3.26 and

Proposition 3.27.

Proposition 4.9. Let f : A→ B be a degree 0 morphism in A, and let C(f) ∈ A be its
cone, with the natural maps j, p, i, s. We also denote by j′, p′, i′, s′ the canonical maps
associated to the cone C(j) of j. Then, there is a closed degree 0 map w : A[1]→ C(j)
which makes the following diagram commute in H0(A):

B C(f)j // A[1]p // B[1]
−f [1] //

B C(f) C(j)

w

��
B[1];j // j′ // p′ //
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Moreover, w is an isomorphism in H0(A).

Proof. Recalling the proof of Proposition 3.26, we set

w := j′i− i′f [1],
z := ps′.

Clearly p′w = −f [1] and zw = 1A[1], and also dw = 0 and dz = 0. Now, a direct
computations shows that

d(i′1(B,0,1)ss
′) = j′jss′ + i′f [1]ps′ + i′p′

= j′s′ + i′p′ − j′ips′ + i′f [1]ps′

= 1C(j) − wz;

hence [z] is the inverse of [w] in H0(A). Finally, notice that zj′ = p, and so

[w][p] = [w][z][j′] = [j′],

and we conclude.

Proposition 4.10. Let

A B
f //

A′

u

��
B′

v

��
f ′ //

be a diagram of closed degree 0 morphisms, commutative in H0(A), and let j, p, i, s (resp.
j′, p′, i′, s′) be the canonical maps associated to the cone C(f) (resp. C(f ′)). Then there
exists a closed degree 0 map w : C(f) → C(f ′) such that the following diagram is
commutative in H0(A):

A B
f // C(f)j // A[1]p //

A′

u

��
B′

v

��
C(f ′)

w

��
A′[1].

u[1]

��
f ′ // j′ // p′ //

Proof. Let h : A → B′ be a degree −1 morphism such that dh = vf − f ′u. We define
w : C(f)→ C(g) as the unique morphism such that

p′wi = u[1], p′wj = 0, s′wi = h1(A,1,0), s′wj = v;

in matrix notation with respect to the biproduct decompositions C(f) = A[1] ⊕ B and
C(f ′) = A′[1]⊕B′, w is given by the matrix(

u[1] 0
h1(A,1,0) v

)
.
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Since the components of w have all degree 0, w is itself of degree 0. The above diagram
is then easily checked to be commutative in H0(A) (the right and the middle squares are
actually commutative in Z0(A)). Moreover, taking differentials of the above equalities,
we obtain

p′(dw)i = −p′w(di) = −p′wjf1(A,1,0) = 0,
p′(dw)j = 0,
s′(dw)i = (dh)1(A,1,0) − (ds′)wi− s′w(di)

= (dh)1(A,1,0) + f ′1(A′,1,0)p
′wi− s′wjf1(A,1,0)

= (dh)1(A,1,0) + f ′u1(A,1,0) − vf1(A,1,0)

= 0,
s′(dw)j = −ds′wj = f ′1(A,1,0)p

′wj = 0.

Hence dw = 0, and we are done.

Now, it is clear how to define distinguished triangles in H0(A): they are the images
in H0(A) of preexact triangles (4.6), together with all triangles isomorphic to them.
The shift functor H0(A) → H0(A) is defined by A 7→ A[1] on objects and f 7→ f [1] on
morphisms; it is an autoequivalence, with quasi-inverse given by A 7→ A[−1] on objects
and f 7→ f [−1] on morphisms1. Finally, we may prove Theorem 4.6.

Proof (Theorem 4.6). H0(A) is additive: by Proposition 4.7 the cone of any identity
morphism is a zero object, and given A,B ∈ A, the cone of the zero morphism 0 :
A[−1]→ B is a biproduct of A ∼= A[−1][1] and B (biproducts in Z0(A) pass to the quo-
tient giving biproducts in H0(A)). Now, axiom TR1 follows directly from the definition
of distinguished triangles in H0(A) and Proposition 4.7; TR2 and TR3 are direct con-
sequences of Proposition 4.9 and Proposition 4.10. TR4 will not be discussed here.

Remark 4.11. Since, as already observed, a dg-functor F : A → B preserves cones and
shifts, it is easily shown thatH0(F ) : H0(A)→ H0(B) is an exact functor of triangulated
categories.

As said in the beginning, the dg-category Cdg(k) is the first example of pretriangu-
lated dg-category. The following general result gives a wide class of examples of such
categories.

Proposition 4.12. Let A be a dg-category, and let B be a pretriangulated dg-category.
Then the dg-category Fundg(A,B) is pretriangulated.

Proof. Clearly, the n-shift of an object F ∈ Fundg(A,B) is given by F [n](A) := F (A)[n],
F [n](f) := F (f)[n], for any object A and any morphism f in A. Next, let t : F → G be
a closed degree 0 morphism in Fundg(A,B). For any D ∈ A, we denote by jD, pD, iD, sD

1Note that these definitions a priori depend on a choice of the shifts A[1] and A[−1] with their
associated morphisms (4.1); however, the essential uniqueness of shifts ensures that the shift functor and
its quasi-inverse are well defined up to a functor isomorphism.
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the canonical maps associated to the cone C(tD). We define a “cone functor” C(t) as
follows: C(t)(A) := C(tA) for any object A ∈ A, and for any morphism f : A → B we
define C(t)(f) : C(tA)→ C(tB) to be the unique morphism w such that

pBwiA = F (f)[1], pBwjA = 0, sBwiA = 0, sBwjA = G(f).

Then, it readily verified that i = (iD), j = (jD), p = (pD), s = (sD) are degree 0
morphisms of dg-functors; finally, these morphisms satisfy conditions (4.4) and (4.5),
since both are verified levelwise.

Corollary 4.13. Let A be a dg-category. Then the category Cdg(A) of Aop-modules is
pretriangulated, and the homotopy category K(A) is triangulated.

4.2 Pretriangulated envelopes
Given an “ambient” pretriangulated dg-category A, it is interesting to study full sub-
categories which themselves contain shifts and cones.

Definition 4.14. Let A be a pretriangulated dg-category. A full subcategory A′ ⊆ A is
said to be pretriangulated if for any object A ∈ A′ the n-shift A[n] ∈ A is dg-isomorphic
to an object of A′, and for any morphism f : A → B in A′ the cone C(f) ∈ A is
dg-isomorphic to an object of A′.

It is immediately verified applying Proposition 3.19 that, ifA′ is a full pretriangulated
subcategory of A, then H0(A′) is a full triangulated subcategory of H0(A).

As done in the case of triangulated categories, we may speak of pretriangulated
subcategories generated by a family of objects:

Definition 4.15. Let A be a pretriangulated category, and let E be a family of objects
of A. The pretriangulated envelope of E , denoted by 〈E〉pretr, is the smallest full pretri-
angulated subcategory of A which is stable under dg-isomorphisms and contains E . If
A = 〈E〉pretr, we say that A is generated by E .

We may describe a characterization of the pretriangulated envelope of a given family
E , which is mutatis mutandis identical to the one explained for triangulated envelopes in
triangulated categories; for the reader’s convenience we develop the details once more,
in the pretriangulated case. We define by recursion a sequence Ẽ(n) of families of objects
in A, as follows: Ẽ(0) := E , and Ẽ(n) (n > 1) is the set of objects in A which are dg-
isomorphic to an object in Ẽ(n−1), or to an arbitrary shift of an object in Ẽ(n−1), or
to a cone of a morphism between objects in Ẽ(n−1). Then, we obtain the analogue of
Proposition 3.21:

Proposition 4.16. Let A be a pretriangulated dg-category, E a family of objects in A.
Then, the pretriangulated envelope 〈E〉pretr of E has object set given by

Ob〈E〉pretr =
⋃
n≥0
Ẽ(n).
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The proof is identical to that of Proposition 3.21, so we refrain from including it here.
Viewing E as a family of objects in H0(A), we may consider the triangulated envelope
〈E〉tr; since the homotopy equivalence is weaker than the dg-isomorphism relation, we
obtain an inclusion functor

H0(〈E〉pretr) ↪→ 〈E〉tr. (4.7)

A simple inductive argument, using the characterizations of both envelopes, shows that
it is an equivalence.

The above “internal” construction of the pretriangulated envelope, made within a
fixed pretriangulated dg-category, has an “external” analogue. Namely, given an arbi-
trary dg-category A, we form a pretriangulated dg-category Apretr together with a fully
faithful dg-functor A ↪→ Apretr. To this purpose, we will proceed in two steps.

We start by formally adding to A all shifts, definining a category Ā which extends
A, as follows (cfr. [BLL04]):

Ob Ā := {(A,n) = A[n] : A ∈ ObA, n ∈ Z}, (4.8)

and
Ā(A[k], B[n]) := A(A,B)[n− k] (4.9)

as graded vector spaces. Note that, by definition, a morphism of degree p in Ā(A[k], B[n])
is a morphism of degree p + n − k in A(A,B). The differential dĀ on Ā(A[k], B[n]) is
defined by

diĀ := (−1)ndi+n−kA : A(A,B)i+n−k → A(A,B)i+n−k+1, (4.10)

for all i ∈ Z. Notice, for example, that Ā(A[1], B[1]) = A(A,B) as graded vector
spaces, but the differential in Ā(A[1], B[1]) is equal to minus the differential in A(A,B).
Composition maps in Ā are defined by “shifting” the composition maps in A.

A(B,C)[r − n]⊗A(A,B)[n− k]→ A(A,C)[r − k]; (4.11)

a direct computation shows that this composition is well defined and satisfies the graded
Leibniz rule, hence Ā is indeed a dg-category. Moreover, there is a natural inclusion
dg-functor I : A ↪→ Ā, which maps an object A ∈ A to A[0] ∈ Ā, and a morphism
f ∈ A(A,B) to itself. I is clearly fully faithful, and identifies A with a full subcategory
of Ā.
Remark 4.17. Given A ∈ A and r1, r2 ∈ Z, there is a “special” closed invertible map
1(A,r1,r2) : A[r1]→ A[r2] of degree r1 − r2 in Ā. It is defined by

1(A,r1,r2) = 1A ∈ A(A,A)[r2 − r1]r1−r2 = A(A,A)0. (4.12)

The inverse of 1(A,r1,r2) is clearly 1(A,r2,r1). Notice that A[r+n] is the n-shift of A[r] for
any r, n ∈ Z, with associated maps 1(A,r,r+n) and 1(A,n+r,r); with a little abuse of notation
(but consistently with notation (4.1)) we will sometimes write A[r][n] for A[r + n] and
1(A[r],0,n) (resp. 1(A[r],n,0)) for 1(A,r,r+n) (resp. 1(A,r+n,r)). This discussion shows that Ā
is indeed closed under shifts.
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Now, we may form Apretr as an extension of Ā. Following [BLL04], we define an
object of Apretr to be a “one-sided twisted complex”, i.e. a formal expression(

n⊕
i=1

Ci[ri], q
)
, (4.13)

where Ci ∈ ObA, ri ∈ Z, n ≥ 0, and q = (qij)i,j=1,...,n, qij ∈ Ā(Cj [rj ], Ci[ri])1 for
any i, j, qij = 0 for i ≥ j, (dqij) + q2 = 0 as matrices. Given two twisted complexes
C = (⊕Cj [rj ], q) and C ′ = (⊕C ′i[r′i], q′), the graded module Apretr(C,C ′) is the space of
matrices f = (fij), fij ∈ Ā(Cj [rj ], C ′i[r′i]) with graded decomposition defined componen-
twise; the differential d on Apretr(C,C ′) is defined by

df := (dfij) + q′f − (−1)lfq (4.14)

if deg f = l. Finally, composition maps are given by matrix multiplication, and it is
checked that Apretr is indeed a dg-category.
Apretr is closed under shifts: the n-shift of a twisted complex C = (⊕Ci[ri], q) is given

by (⊕Ci[ri + n], (−1)nq). It is also closed under taking cones of degree 0 morphisms:
given a morphism f : C = (⊕Ci[ri], q) → (⊕C ′j [r′j ], q′) = C ′ in Apretr, its cone is the
twisted complex (

⊕Ci[ri + 1]⊕ C ′j [r′j ],
(
−q 0

f1(C,1,0) q′

))
.

Hence, Apretr is a pretriangulated dg-category. There is a natural fully faithful functor
I ′ : Ā ↪→ Apretr which maps an object A[n] to the twisted complex (A[n], 0), and
a morphism f : A[k] → B[n] to itself. Composing this functor with the inclusion
I : A ↪→ Ā, we obtain a fully faithful functor J : A ↪→ Apretr, which will be often viewed
as an inclusion.

Proposition 4.18 ([BLL04, Proposition 3.10]). Any object of Apretr can be obtained
(up to dg-isomorphism) from objects in Ā by taking successive cones of closed degree 0
morphisms. In particular, Apretr is generated by A.

The category Apretr is called (external) pretriangulated envelope of A. Clearly, a
dg-category A is pretriangulated if and only if J : A ↪→ Apretr is a dg-equivalence.

Another convenient definition of the pretriangulated envelope of a given dg-category
A is given invoking the dg-Yoneda embedding h : A → Cdg(A). By Corollary 4.13 the
category Cdg(A) is pretriangulated, so we may consider the pretriangulated envelope of
its full subcategory h(A) , which we denote by Pretr(A).

Proposition 4.19. For any dg-category A, Pretr(A) and Apretr are dg-equivalent.

Proof. In [BLL04] Bondal, Larsen and Lunts prove that Apretr can be embedded in
Cdg(A) via a fully faithful dg-functor

α : Apretr → Cdg(A); (4.15)
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moreover, if J : A ↪→ Apretr is the canonical inclusion, then α ◦ J = h, the Yoneda
embedding. Let Ãpretr be the closure of α(Apretr) in Cdg(A) under dg-isomorphisms.
Then, it suffices to show that Ãpretr is equal to Pretr(A). The inclusion Pretr(A) ⊆
Ãpretr is clear, for Ãpretr is pretriangulated, stable under dg-isomorphisms and contains
α(J(A)) = h(A). Next, let C ′ ∈ Ãpretr; there exists C ∈ Apretr such that C ′ is dg-
isomorphic to α(C), and C itself (recall Proposition 4.18) can be obtained (up to dg-
isomorphism) from objects in J(A) by taking “iterated shifts” and “iterated cones”.
Hence, C ′ ∼= α(C) is by definition an object of Pretr(A).

Functorial properties of the pretriangulated envelope

An important feature of the construction of the (external) pretriangulated envelope
Apretr of a dg-category A is its functorial nature, which we are going to describe.

First, we observe that the definition of the category of formal shifts Ā is also functorial
in A. In fact, given a dg-functor F : A → B, we may define a dg-functor F̄ : Ā → B̄ as
follows: F̄ (A[k]) := F (A)[k] on objects and

F̄ (f) := 1(F (B),0,n)F (f)1(F (A),k,0)

for any morphism f : A[k]→ B[n] in Ā. Coming to the pretriangulated envelope, given
a functor F : A → B we define F pretr : Apretr → Bpretr as

F pretr(⊕Cj [rj ], q) := (⊕F (Cj)[rj ], F (q))

on objects (here F (q)ij = F (qij)), and

F pretr((fij)) := (F̄ (fij))

for any morphism f = (fij) : (⊕Cj [rj ], q) → (⊕C ′i[r′i], q′) in Apretr. From now on, we
denote by JA : A ↪→ Apretr the canonical inclusion functor. We have the following:

Lemma 4.20. Let F : A → B be a dg-functor. Then, the diagram

A BF //

Apretr

JA

��
Bpretr

JB

��
Fpretr

//

(4.16)

is commutative.

Proof. Straightforward.

A fundamental feature of the pretriangulated envelope is its universality, in the sense
of the following result.
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Proposition 4.21. Let A be a dg-category, and let B be a pretriangulated dg-category.
Then the dg-functor induced by “restriction”

J∗A,B : Fundg(Apretr,B)→ Fundg(A,B) (4.17)

is a dg-equivalence, natural in A and B.

Proof. We give only a sketch. Let F : A → B be a dg-functor. By hypothesis, the
inclusion functor JB : B → Bpretr is a dg-equivalence; denoting by J−1

B a quasi-inverse,
we may consider G := J−1

B F pretr. By Lemma 4.20 we have GJA ∼= F , and this proves
essential surjectivity of J∗A,B. Fully faithfulness follows from Proposition 4.18.

The functor (−)pretr is well-behaved under quasi-equivalences:

Lemma 4.22 ([Dri04, Proposition 2.5]). If F : A → B is a quasi-equivalence, then
F pretr : Apretr → Bpretr is such.

We denote by dgcatpretr
k the full subcategory of dgcatk of pretriangulated dg-

categories. The above lemma ensures that the functor (−)pretr : dgcatk → dgcatpretr
k

passes to the homotopy categories, giving rise to a functor

Ho((−)pretr) : Ho(dgcatk)→ Ho(dgcatpretr
k ). (4.18)

On the other hand, the inclusion functor dgcatpretr
k ↪→ dgcatk clearly preserves quasi-

equivalences, giving rise to a functor

Ho(dgcatpretr
k )→ Ho(dgcatk). (4.19)

Lemma 4.23. The above functor Ho(dgcatpretr
k )→ Ho(dgcatk) is fully faithful.

Proof. The functor in question is the inclusion on objects an maps a morphism [A ←
A′ → B]pretr to [A ← A′ → B] (here the subscript “pretr” is used to stress that the
equivalence relation between zig-zag diagrams is taken in Ho(dgcatpretr

k )). Now, suppose
given two morphism [A G1← A1

F1→ B]pretr and [A G2← A2
F2→ B]pretr such that [A G1← A1

F1→
B] = [A G2← A2

F2→ B] in Ho(dgcatk) (every category is pretriangulated). Applying the
functor Ho((−)pretr), we obtain

[Apretr G1pretr
← A1

pretr F1pretr
→ Bpretr]pretr = [Apretr G2pretr

← A2
pretr F2pretr

→ Bpretr]pretr. (4.20)

Let us denote (temporarily) by L′ the localization functor dgcatpretr
k → Ho(dgcatpretr

k ).
Then notice that

[Apretr Gi
pretr
← Aipretr Fi

pretr
→ Bpretr]pretr = L′(Fipretr)L′(Gipretr)−1

= L′(Fipretr)L′(Gipretr)−1L′(JA)L′(JA)−1

= L′(JB)L′(Fi)L′(Gi)−1L′(JA)−1
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for i = 1, 2, where we have used that JA is an equivalence and hence a quasi-equivalence,
and the commutativity of (4.16) viewed in the homotopy category Ho(dgcatpretr

k ).
Hence, from (4.20) we deduce

L′(JB)L′(F1)L′(G1)−1L′(JA)−1 = L′(JB)L′(F2)L′(G2)−1L′(JA)−1,

and then L′(F1)L′(G1)−1 = L′(F2)L′(G2)−1, that is, [A G1← A1
F1→ B]pretr = [A G2← A2

F2→
B]pretr: this shows faithfulness.

Next, let [A G← A′ F→ B] be a morphism in Ho(dgcatk), where A and B are pretri-
angulated. We apply Ho((−)pretr) and consider the morphism

L′(JB)−1L′(F pretr)L′(Gpretr)−1L′(JA) ∈ Ho(dgcatpretr
k )(A,B);

a similar computation as above shows that it is indeed mapped to [A G← A′ F→ B], and
this shows fullness.

The lemma just proved allows us to view the functor Ho(dgcatpretr
k )→ Ho(dgcatk)

as an inclusion. It also has an interesting consequence, which we state and prove.

Proposition 4.24. Let F̂ : A → B be a quasi-functor between pretriangulated categories.
Then, H0(F̂ ) : H0(A) → H0(B) is an exact functor between triangulated categories.
In particular, if A and B are quasi-equivalent, then H0(A) and H0(B) are equivalent
triangulated categories.

Proof. By the above result, we may represent F̂ by a diagram

A G← A′ F→ B,

where A′ is pretriangulated. Now, applying H0(−) : Ho(dgcatk) → [Catk] (recall
(2.10)), we obtain, up to isomorphism, the functor H0(F )H0(G)−1; it is the composition
of exact functors between triangulated categories, hence it is an exact functor, using the
fact that any quasi-inverse of an exact functor is itself exact.

The following one is a crucial result:

Theorem 4.25. Let A be a dg-category, and let B be a pretriangulated dg-category. We
denote by L the localization functor dgcatk → Ho(dgcatk). Then, the map

L(J)∗A,B : [Apretr,B]→ [A,B], (4.21)

induced by right composition with L(JA) : A → Apretr in Ho(dgcatk), is a natural (in
A and B) bijection.

Proof. We start with injectivity. Let L(F1)L(G1)−1 and L(F2)L(G2)−1 be morphisms
from Apretr to B in Ho(dgcatk) such that

L(F1)L(G1)−1L(JA) = L(F2)L(G2)−1L(JA).
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We apply the functor Ho((−)pretr) and then the inclusion Ho(dgcatpretr
k )→ Ho(dgcatk),

obtaining

L(F1
pretr)L(G1

pretr)−1L(JApretr) = L(F2
pretr)L(G2

pretr)−1L(JApretr). (4.22)

Now, for i = 1, 2,

L(Fipretr)L(Gipretr)−1L(JApretr) = L(JB)L(Fi)L(Gi)−1,

where we have used twice the commutativity of (4.16) viewed in Ho(dgcatk). Hence,
from the above equality (4.22) we deduce

L(JB)L(F1)L(G1)−1 = L(JB)L(F2)L(G2)−1,

and so L(F1)L(G1)−1 = L(F2)L(G2)−1 as claimed, since by hypothesis JB is a dg-
equivalence (and therefore a quasi-equivalence).

Next, we show surjectivity. Let L(F )L(G)−1 : A → B be a morphism in Ho(dgcatk).
We consider

L(JB)−1L(F pretr)L(Gpretr)−1 : Apretr → B.

Then, again by the commutativity of (4.16), we have

L(JB)−1L(F pretr)L(Gpretr)−1L(JA) = L(JB)−1L(JB)L(F )L(G)−1 = L(F )L(G)−1,

and this proves our assertion.
Finally, naturality of L(J)∗A,B is also a consequence of Lemma 4.20, applied in a

similar fashion as above.

Remark 4.26. Let A be a small dg-category and let B be a small pretriangulated dg-
category. Combining Lemma 4.23 and Theorem 4.25 we obtain a natural bijection

Ho(dgcatpretr
k )(Apretr,B) ∼−→ Ho(dgcatk)(A,B). (4.23)

This means that the functor Ho((−)pretr) : Ho(dgcatk)→ Ho(dgcatpretr
k ) is left adjoint

to the inclusion Ho(dgcatpretr
k )→ Ho(dgcatk).

4.3 Dg-categories of morphisms
In this section we describe the possibile definitions of dg-category of morphisms in a
given dg-category. In the case of a pretriangulated dg-category, the problem of finding
the “right” dg-category of morphisms is strictly related to the definition of the cone
functor : functoriality of cones is a nice property of pretriangulated dg-categories (and
a motivation of their use), and it is lost when passing to the (triangulated) homotopy
category, as we will see.

To begin, it is worth mentioning that the category of morphisms Mor C of a k-linear
category C (its definition is given in Section 3.3) can be expressed as a category of
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functors, in the following way. Let ∆1
k be the k-linear category with two objects 0 and

1, such that
∆1
k(0, 0) = ∆1

k(1, 1) = ∆1
k(0, 1) = k, ∆1

k(1, 0) = 0,

with composition maps given by multiplication in k. Notice that ∆1
k is the k-linear

category generated by the category with two objects 0, 1 and one nontrivial morphism
0→ 1.

Lemma 4.27. For any k-linear category C, Mor C is isomorphic to Funk(∆1
k, C), where

the latter is the category of k-linear functors ∆1
k → C.

Proof. We give only a sketch, and leave the reader to fill in the details. Let e1 be
a generator of ∆1

k(0, 1). We define a functor Φ : Funk(∆1
k, C) → Mor C by Φ(F ) :=

(F (0), F (1), F (e1)) on objects, and Φ(t) := (t0, t1) for any morphism t between two
functors ∆1

k → C. It is easily verified that Φ is an isomorphism.

The above lemma suggests a first, “naive” definition of a dg-category of morphisms
of a dg-category A: ∆1

k can be viewed as a dg-category concentrated in degree 0, and we
may consider the dg-category of dg-functors Fundg(∆1

k,A). Employing mutatis mutandis
the same argument as in the proof above, we can show that Fundg(∆1

k,A) is isomorphic
to the “stupid” dg-category of morphisms MorsA (cfr. [Dri04]), whose objects are closed
degree 0 morphisms A f→ B = (A,B, f) in A, and whose hom-complexes are given by

MorsA((A,B, f), (A′, B′, f ′)) := {(u, v) ∈ A(A,A′)×A(B,B′) : f ′u = vf},

with composition maps, graded decompositions and differentials all defined component-
wise:

MorsA((A,B, f), (A′, B′, f ′))n := A(A,A′)n ×A(B,B′)n,
d(u, v) := (du, dv).

If A is pretriangulated, this category works fine for the definition of the cone functor.
However, the requirement of strong commutativity (f ′u = vf above) in its definition
prevents us to keep track of more general situations, namely, where f ′u and vf are equal
up to a 0-coboundary dh. Hence, for any pretriangulated dg-category A, we define the
dg-category of morphisms MorA as follows (cfr. [Dri04]): its objects are the same as
MorsA (closed degree 0 morphisms in A), whereas

MorA((A,B, f), (A′, B′, f ′)) := {w ∈ A(C(f), C(f ′)) : p′wj = 0}

as a subcomplex of A(C(f), C(f ′)); the composition maps are then obtained by restric-
tion. Here j, p, i, s (resp. j′, p′, i′, s′) denote the canonical maps associated to the cone
C(f) (resp. C(f ′))2.

2Note that our definition of the hom-complex MorA((A, B, f), (A′, B′, f ′)) depends on the choice
of the cone objects C(f) and C(f ′), which are uniquely determined up to isomorphism. Since these
isomorphisms are canonical (recall Proposition 4.3) the choice is actually irrelevant.
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Recall that, decomposing the cones in the usual direct sums, we may represent a
morphism w ∈ MorA((A,B, f), (A′, B′, f ′)) with a matrix(

ũ 0
h̃ ṽ

)
,

where ũ = p′wi : A[1] → A′[1], ṽ = s′wj : B → B′, h̃ = s′wi : A[1] → B′. Notice that
degw = n if and only if deg ũ = deg ṽ = deg h̃ = n, since the canonical maps associated
to the cones have all degree 0.

We now describe another definition of MorA which does not involve cones directly.
We start by associating a morphism w : (A,B, f) → (A′, B′, f ′) described as above to
the triple (u, v, h) : (A,B, f)→ (A′, B′, f ′), where

u := 1(A,1,0)ũ1(A,0,1) : A→ A′,

v := ṽ : B → B′,

h := h̃1(A,0,1) : A→ B′.

(4.24)

Let us denote (temporarily) by Hom∗((A,B, f), (A′, B′, f ′)) the module of triples (u, v, h)
such that u : A → A′, v : B → B′, h : A → B′, with componentwise sum and
product given by λ(u, v, h) := (λu, λv, λh), for any λ ∈ k. Clearly the mapping
T : w 7→ (u, v, h) is a k-linear isomorphism between MorA((A,B, f), (A′, B′, f ′)) and
Hom∗((A,B, f), (A′, B′, f ′)): its inverse is given by

(u, v, h) 7→
(

u[1] 0
h1(A,1,0) v

)
.

Notice that h has degree i − 1 if and only if u has degree i. Keeping this in mind, we
define a decomposition of a triple (u, v, h) as follows:

(u, v, h)n := (un, vn, hn−1). (4.25)

Hence, Hom∗((A,B, f), (A′, B′, f ′)) becomes a graded module, and T becomes a graded
module isomorphism. Next, we put a dg-category structure on Ob MorA together with
the modules Hom∗(−,−), in such a way that T will be an invertible dg-functor. Com-
position of two triples (u, v, h) : (A,B, f) → (A′, B′, f ′) and (u′, v′, h′) : (A′, B′, f ′) →
(A′′, B′′, f ′′) is then defined recalling the composition of the corresponding morphisms

w =
(
ũ 0
h̃ ṽ

)
, w′ =

(
ũ′ 0
h̃′ ṽ′

)
.

In detail, we have:

w′w =
(

ũ′ũ 0
h̃′ũ+ ṽ′h̃ ṽ′ṽ

)
.
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Now, recall the correspondence (4.24) and observe that

ũ′ũ = u′[1]u[1] = (u′u)[1],
ṽ′ṽ = v′v,

h̃′ũ+ ṽ′h̃ = (h′u+ v′h)1(A,1,0).

Hence T maps w′w to (u′u, v′v, h′u+ v′h), and we are forced to set

(u′, v′, h′)(u, v, h) := (u′u, v′v, h′u+ v′h). (4.26)

Observe that the identity morphism of (A,B, f) is given by (1A, 1B, 0).
Now we must define the suitable differential d∗ on Hom∗(−,−). Of course we can

reduce ourselves to a fixed triple (u, v, h) : (A,B, f)→ (A′, B′, f ′) of given degree n ∈ Z
and then extend by linearity. Let

w =
(

u[1] 0
h1(A,1,0) v

)
: C(f)→ C(f ′)

be the correspondent of (u, v, h). We compute, using the graded Leibniz rule and recalling
(4.5):

d(p′wj) = d0 = 0 = p′(dw)j,
d(s′wj) = dv = s′(dw)j,
d(p′wi) = d(u[1]) = p′(dw)i,
d(s′wi) = d(h1(A,1,0)) = −f ′1(A′,1,0)u[1] + s′(dw)i+ (−1)nvf1(A,1,0).

Notice that d(u[1]) = −(du)[1] = (−du)[1], d(h1(A,1,0)) = (dh)1(A,1,0), and 1(A′,1,0)u[1] =
u1(A,1,0). We obtain the following matrix representation for dw:

dw =
(

(−du)[1] 0
(dh+ f ′u− (−1)nvf)1(A,1,0) dv

)
. (4.27)

Hence, T maps dw to the triple (−du, dv, dh + f ′u − (−1)nvf). In order to make T a
chain map on morphisms, we must define

d∗(u, v, h) := (−du, dv, dh+ f ′u− (−1)nvf).

This clearly completes our construction. In the following, MorA will always denote the
dg-category of closed degree 0 morphisms, together with the hom-complexes Hom∗(−,−)
and the compositions defined above (dropping the asterisk notation for the differentials).
This alternative definition has the advantage of being suitable for any arbitrary dg-
category, not only for the pretriangulated ones.

Let us investigate the features of MorA. There is a natural functor

F : Z0(MorA)→ Mor(H0(A))
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which is defined on objects by F (A,B, f) := (A,B, [f ]) ([f ] denotes the equivalence class
of f in H0(A(A,B)) = H0(A)(A,B)), and maps a closed degree zero morphism (u, v, h)
to ([u], [v]). Notice that (u, v, h) ∈ Z0(MorA((A,B, f), (A′, B′, f ′))) implies by definition
that du = 0, dv = 0, dh = vf − f ′u, and so [v][f ] = [f ′][u], hence ([u], [v]) is indeed a
morphism (A,B, [f ]) → (A′, B′, [f ′]) in Mor(H0(A)), and F is well defined. Moreover,
F (u, v, h) = 0 whenever (u, v, h) ∈ B0(MorA((A,B, f), (A′, B′, f ′))); therefore, F passes
to the quotient and gives rise to a functor

F : H0(MorA)→ Mor(H0(A)). (4.28)

We are now able to show a quite remarkable result:

Theorem 4.28. F is full, surjective on objects, essentially injective.

Proof. The first two statements are of simple proof, and we leave the reader to fill in
the details. The interesting part is the essential injectivity of F . Let (A,B, f) and
(A′, B′, f ′) be such that (A,B, [f ]) ∼= (A′, B′, [f ′]) in Mor(H0(A)). We have to show
that (A,B, f) ∼= (A′, B′, f ′) in H0(MorA). By hypothesis we have (closed, degree 0)
maps u : A→ A′, u′ : A′ → A, v : B → B′, v′ : B′ → B such that{

u′u = 1A − dũ
v′v = 1B + dṽ

, (4.29)

{
uu′ = 1A′ − dũ′

vv′ = 1B′ + dṽ′
, (4.30)

{
vf − f ′u = dh

v′f ′ − fu′ = dh′
, (4.31)

for suitable maps ũ, ũ′, ṽ, ṽ′, h, h′ of degree −1. Let us construct a left and a right inverse
for [(u, v, h)] in H0(MorA), namely [(u′, v′, h′ + z′0)] and [(u′, v′, h′ + z′1)], where z′0, z′1
are suitable closed maps to be defined (it is essential to find z′0, z′0 closed, for it ensures
us that (u′, v′, h′ + z′0) and (u′, v′, h′ + z′1) are also closed). A posteriori the equality
[(u′, v′, h′ + z′0)] = [(u′, v′, h′ + z′1)] will hold, and the (double-sided) inverse of [(u, v, h)]
will be established. We start by setting

r := fũ+ ṽf − h′u− v′h,
r′ := f ′ũ′ + ṽ′f ′ − hu′ − vh′.

A simple computation gives dr = 0, dr′ = 0. We define:

z′0 := ru′,

z′1 := v′r′.

z′0 and z′1 are indeed closed; we have [z′0u] = [r] and [vz′1] = [r′] in H0(A), namely

(h′ + z′0)u+ v′h = dh̃+ fũ+ ṽf

hu′ + v(h′ + z′1) = dh̃′ + f ′ũ′ + ṽ′f ′,
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for suitable maps h̃, h̃′. Finally we obtain
(u′, v′, h′ + z′0)(u, v, h)

= (u′u, v′v, (h′ + z′0)u+ v′h) = (1A, 1B, 0) + (−dũ, dṽ, dh̃+ fũ+ ṽf)
= (1A, 1B, 0) + d(ũ, ṽ, h̃),

and
(u, v, h)(u′, v′, h′ + z′1)

= (uu′, vv′, hu′ + v(h′ + z′1)) = (1A′ , 1B′ , 0) + (−dũ′, dṽ′, dh̃′ + f ′ũ′ + ṽ′f ′)
= (1A′ , 1B′ , 0) + d(ũ′, ṽ′, h̃′).

Hence the proof is completed.

Another, perhaps less interesting property of MorA is the existence of a natural
dg-functor

I : MorsA −→ MorA; (4.32)
it is defined to be the identity on objects, and it maps a morphism (u, v) of degree n to
((−1)nu, v, 0). We leave the reader to verify that I is indeed a dg-functor. Clearly, I is
faithful and not full, and tells us how MorA is a generalization of MorsA.

Functoriality of cones

Let A be a pretriangulated dg-category. As hinted before, the category MorA allows
us to define a cone dg-functor Cone : MorA → A. For any closed degree 0 morphism
A

f→ B ∈ MorA we set Cone(A,B, f) := C(f), where C(f) is a chosen3 cone of f , and
for any morphism (u, v, h) : (A,B, f) → (A′, B′, f ′) we define Cone(u, v, h) to be the
morphism C(f)→ C(f ′) represented by the matrix(

u[1] 0
h1(A,1,0) v

)
with respect to the usual direct sum decompositions of C(f) and C(f ′). Notice that
differentials and composition of morphisms in MorA are defined just to ensure that
Cone is indeed a dg-functor.

Now, observe that H0(Cone) and the functor F discussed before are both defined on
the triangulated category H0(MorA). Then, a natural question arises: does there exist
a functor Cone : MorH0(A)→ H0(A) such that the diagram

H0(MorA) H0(A)
H0(Cone) //

MorH0(A)

F

��
Cone

88qqqqqqqqqqqqqqqq

(4.33)

3Since any two cones of f are canonically dg-isomorphic, a different choice will give rise to an isomor-
phic dg-functor.
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is commutative? The answer is no, as we are going to see. Trying to define Cone,
we are forced to set Cone(A,B, [f ]) := C(f) for any object (A,B, [f ]) ∈ MorH0(A),
and Cone([u], [v]) = H0(Cone)[(u, v, h)] on morphisms, where [(u, v, h)] is such that
F [(u, v, h)] = ([u], [v]). The definition on objects is essentially good, since [f ] = [g]
in MorH0(A) implies C(f) ≈ C(g) (H0(A) is triangulated), but it is not true that
F [(u, v, h)] = 0 implies H0(Cone)[(u, v, h)] = 0 for all morphisms (u, v, h) in Z0(MorA).
To see this, let A,A′, B,B′ be objects in A and let α = [(u, v, h)] : (A,B, 0)→ (A′, B′, 0)
be a morphism in H0(MorA) such that F (α) = ([u], [v]) = 0 in MorH0(A). We choose
h in such a way that it is not an element of B−1(A(A,B′)) (this is possible in most
cases, for example when A = Cdg(k)). Then it is clear that(

u[1] 0
h1(A,1,0) v

)

cannot be a 0-coboundary in A(C(0AB), C(0A′B′)) , for otherwise h would be forced to
be in B−1(A(A,B′)), which is against our assumption. This counterexample (actually,
a generalization of the one given for the homotopy category of complexes in Section 3.3)
explains the failure of cones to be functorial in the triangulated category H0(A). In fact,
there is no natural definition of a cone functor from MorH0(A) to H0(A) apart from
Cone, that is, apart from the map which makes diagram (4.33) commute; unfortunately,
there is no such (well-defined) map.



Chapter 5

Dg-enhancements and dg-lifts

In order to make pretriangulated dg-categories really enhance our understanding of tri-
angulated categories, we need to establish connections from the “triangulated family” to
the pretriangulated one. These connections are exactly the dg-enhancements of triangu-
lated categories and the dg-lifts of exact functors. In this chapter, which is the core of
the entire work, we prove a uniqueness result of dg-lifts for categories with a two-term
full and strong exceptional sequence; moreover, we show how the abstract theory sheds
light on the functor ΦX→Y

− described in Section 3.4.
In the following, k will be supposed to be a field; this assumption is essential when

dealing with categories of geometric interest, however any abstract result we prove re-
mains true even in the case that k is an arbitrary commutative ring.

5.1 Dg-enhancements of triangulated categories
Let us start right away with the definition of dg-enhancement:

Definition 5.1. Let D be a triangulated category. A dg-enhancement (in short, en-
hancement) of D is a couple (A, ε), where A is a pretriangulated dg-category and
ε : H0(A)→ D is an equivalence of triangulated categories.

The problem of the existence and uniqueness of an enhancement arises naturally.
Uniqueness is intended as in the following definition.

Definition 5.2. Two enhancements (A, ε) and (A′, ε′) of a triangulated category D
are said to be equivalent (resp. strongly equivalent) if there exists an isomorphism
F̂ : A → A′ in Ho(dgcatk) (resp. an isomorphism F̂ : A → A′ in Ho(dgcatk) such that
ε′ ◦H0(F̂ ) ∼= ε).

Given a triangulated category, we will speak of uniqueness or strong uniqueness of
an enhancement, in the sense of the above relations of equivalence and strong equiv-
alence. Lunts and Orlov in [LO10] have proven existence and uniqueness results of
dg-enhancements for a wide class of triangulated categories of geometric interest. In
particular, we have the following:

67
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Theorem 5.3. Let X be a smooth projective variety. Then the bounded category of
coherent sheaves Db(X) admits a strongly unique enhancement.

An enhancement of Db(X) is given by the dg-category Lpe(X), described by Toën
in [Toë07] (with a little abuse of notation, we avoid mentioning the equivalence between
H0(Lpe(X)) and Db(X)).

A triangulated category which admits an enhancement is said to be algebraic (cfr.
[Sch12]), or enhanced. In the following, we focus our attention on algebraic triangulated
categories which admit a full and strong exceptional sequence; a notable class of examples
of such categories is given by the bounded derived categories Db(Pn(k)) of coherent
sheaves on the projective space Pn(k) (n ≥ 0): by the above result, these categories are
algebraic, and it is a well-known theorem by Beilinson (see [Böh06] for a reference) that
they admit strong and full exceptional sequences, described as follows.

Theorem 5.4 (Beilinson, 1978). The category Db(Pn(k)) admits a strong and full ex-
ceptional sequence (O(0),O(1), . . . ,O(n)), such that for any 0 ≤ d ≤ d′ ≤ n, the hom-set
Db(Pn(k))(O(d),O(d′)) is isomorphic to the vector space Sd′−d of homogeneous polyno-
mials of degree d′ − d in n+ 1 indeterminates.

An important result of the abstract theory is that an algebraic triangulated category
generated by a strong exceptional sequence is uniquely determined, up to equivalence,
by the exceptional sequence itself. Actually, the following general statement holds:

Theorem 5.5. Let D1 and D2 be algebraic triangulated categories, generated respec-
tively by full subcategories E1 and E2. Suppose that E1 and E2 are equivalent as k-linear
categories, and that Di(E,E′[h]) = 0 for any E,E′ ∈ Di, h 6= 0 (i = 1, 2). Then, D1 is
equivalent to D2.

Corollary 5.6. Let D1 and D2 be triangulated categories with full and strong exceptional
sequences (E(1)

0 , . . . , E
(1)
n ) and (E(2)

0 , . . . , E
(2)
n ). Suppose moreover that the full subcate-

gories E1 = {E(1)
0 , . . . , E

(1)
n } ⊆ D1 and E2 = {E(2)

0 , . . . , E
(2)
n } ⊆ D2 are isomorphic. Then

D1 and D2 are equivalent.

The proof of Theorem 5.5 is based on a result by Keller, reported in [Kel06, Theorem
3.8]. To go on, we need to introduce some new notation. Given a triangulated category
D and a full subcategory E , we form the graded category Egr, which has the same objects
as E and graded modules of morphisms given by

Egr(E,E′)n = D(E,E′[n]) (n ∈ Z);

composition maps are defined by

Egr(E′, E′′)m × Egr(E,E′)n → Egr(E,E′′)m+n,

(g, f) 7→ g[n]f,

where the composition g[n]f is taken in D. Notice that (Egr)0 = E . Next, we state
Keller’s theorem (actually, a reduced version of Keller’s theorem, more suitable for our
purposes).
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Theorem 5.7 (Keller). Let D be an algebraic triangulated category, and let E be a
full subcategory which generates D. Then, there is a dg-category A such that H∗(A)
is isomorphic (as a graded category) to Egr, and H0(Apretr) is equivalent to D as a
triangulated category.

Now, we have the tools to prove Theorem 5.5.

Proof (Theorem 5.5). Applying directly the above theorem to E1 ⊆ D1 and E2 ⊆ D2,
we find two dg-categories A1 and A2 such that H∗(Ai) is isomorphic to Egr

i (observe
that this implies that H0(Ai) is isomorphic to Ei). By hypothesis, the graded categories
Egr
i are concentrated in degree 0, and this in turn implies that the dg-categories Ai have

cohomology concentrated in degree 0. Hence, by Proposition 1.11, Ai is quasi-equivalent
to H0(Ai), which is isomorphic to Ei. Then, since E1 and E2 are by hypothesis equivalent
as k-linear categories, we deduce that A1 and A2 are quasi-equivalent. Hence, by Lemma
4.22, Apretr

1 and Apretr
2 are quasi-equivalent, and so by Proposition 4.24 the triangulated

categories H0(Apretr
1 ) and H0(Apretr

2 ) are equivalent. Finally, applying again Theorem
5.7, we conclude that D1 and D2 are equivalent.

Theorem 5.5 motivates an abstract approach made with “prototypical” algebraic tri-
angulated categories, namely, categories of the form H0(Epretr), where E is a k-linear cat-
egory: in good situations, theorems proved about the “prototypes” will directly apply to
categories of concrete interest. Sometimes, also the “geometric” categories we discussed
above serve as models; for instance, applying Theorem 5.5 together with Theorem 5.3
and Theorem 5.4, we directly obtain the following abstract existence and uniqueness
result of dg-enhancements.

Corollary 5.8. Let D be an algebraic triangulated category which admits a strong and
full exceptional sequence (E0, . . . , En), such that the full subcategory E with object set
{E0, . . . , En} is isomorphic to the full subcategory of Db(Pn(k)) with object set given by
{O(0), . . . ,O(n)}. Then, D admits a strongly unique enhancement.

5.2 Dg-lifts and the uniqueness problem
After finding enhancements for two given triangulated categories, a natural question
arises: is it possible to lift a given exact functor between these categories to their dg-
enhancements? This leads to the notion of dg-lift, defined as follows.

Definition 5.9. Let F : D1 → D2 be an exact functor between triangulated categories,
and let (A1, ε1) and (A2, ε2) be dg-enhancements, respectively of D1 and D2. A dg-lift
of F with respect to the enhancements (Ai, εi) (i = 1, 2) is a quasi-functor F̂ : A1 → A2
such that ε2H0(F̂ )ε−1

1
∼= F .

Notice that the existence and the uniqueness of a dg-lift are both intended in the
sense of quasi-functors. In the following, our attention will be focused on the problem
of uniqueness; when the domain category is generated by a two-term strong and finite-
dimensional exceptional sequence, this turns out to have a positive solution. In order
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to give a precise formulation of this result, we start by finding a prototype of such
triangulated category, following the approach outlined in the previous section. To this
purpose, we introduce the k-linear category ∆m

k (m ∈ Z,m > 0), which has two objects
0 and 1 and hom-sets given by

∆m
k (0, 0) = ∆m

k (1, 1) = k, ∆m
k (0, 1) = km, ∆m

k (1, 0) = 0,

with composition maps given by the natural scalar products. If we denote by e1, . . . , em
the vectors of the canonical base of km, viewed as morphisms 0→ 1, then clearly

∆m
k (0, 0) = 〈10〉, ∆m

k (1, 1) = 〈11〉, ∆m
k (0, 1) = 〈e1, . . . , em〉,

and we also notice that the composition maps are actually determined by the hom-sets
themselves. The category ∆m

k is a direct generalization of ∆1
k, and it is the k-linear

category generated by the category with two objects 0, 1 and m nontrivial morphisms
0→ 1. Next, we prove two simple results about ∆m

k .

Lemma 5.10. ∆m
k is cofibrant in dgcatk.

Proof. Let A,B be small dg-categories, let F : ∆m
k → B be a dg-functor, and let G :

A → B be a trivial fibration in dgcatk. We have to find a dg-functor F̃ : ∆m
k → A such

that GF̃ = F .
First, notice that G is surjective on objects: given B′ ∈ B, there is an isomorphism

B′
∼→ G(B) in H0(B) (G is a quasi-equivalence), and moreover there exists an isomor-

phism A
∼→ B in H0(A) which is mapped by G in B′

∼→ G(B) (G is a fibration), in
particular G(A) = B′. Hence, we can find a lift F̃ of F on objects: GF̃ (0) = F (0) and
GF̃ (1) = F (1).

Next, we lift F on morphisms, in order to obtain a dg-functor F̃ . We start by setting

F̃ (10) := 1
F̃ (0), F̃ (11) := 1

F̃ (1).

Then, we lift the generators ei of ∆m
k (0, 1) to closed degree 0 morphisms F̃ (ei) : F̃ (0)→

F̃ (1). Now, H0(G) : H0(A)(F̃ (0), F̃ (1)) → H0(A)(F (0), F (1)) is by hypothesis an
isomorphism, so for all i there exists f̃i ∈ Z0(A)(F̃ (0), F̃ (1)) such that [G(f̃i)] = [F (ei)]
in H0(B)(F (0), F (1)), namely

G(f̃i)− F (ei) = dηi

for some ηi ∈ B(F (0), F (1))−1. Since G : A(F̃ (0), F̃ (1))→ B(F (0), F (1)) is a surjective
chain map, we find η̃i ∈ A(F̃ (0), F̃ (1))−1 such that G(η̃i) = ηi, and furthermore G(dη̃i) =
dηi. Then

G(f̃i − dη̃i) = F (ei),

and we may set F̃ (ei) := f̃i − dη̃i. Finally, we extend the definition of F̃ on morphisms
by linearity; by construction, we actually obtain a dg-functor which lifts F , and we are
done.
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Remark 5.11. With similar arguments as above, we may also prove that ∆m
k has cofibrant

complexes of morphisms.

Lemma 5.12. Let B be a dg-category, and let F : ∆m
k → H0(B) be a k-linear functor.

Then, there exists a dg-functor F̃ : ∆m
k → B such that H0(F̃ ) = F .

Proof. We define F̃ as F on objects: F̃ (0) := F (0) and F̃ (1) := F (1). Then, we set

F̃ (10) := 1F (0), F̃ (11) := 1F (1), F̃ (ei) = fi,

where fi ∈ Z0(F (0), F (1)) is a morphism such that F (ei) = [fi] in H0(F (0), F (1)), for
i = 1, . . . ,m. Extending the definition of F̃ by linearity, we indeed obtain a dg-functor
F̃ : ∆m

k → B, and clearly H0(F̃ ) = F .

Now, we canonically embed ∆m
k in its pretriangulated envelope (∆m

k )pretr (as usual,
we call J : ∆m

k → (∆m
k )pretr the embedding). The triangulated category H0((∆m

k )pretr) is
trivially algebraic and generated by {0, 1}. Moreover, (0, 1) is clearly a strong exceptional
sequence such that H0((∆m

k )pretr)(0, 1) ∼= km. Hence, H0((∆m
k )pretr) is the prototype

we were searching for: by Corollary 5.6, any algebraic triangulated category D with
a two-term strong and full exceptional sequence (E0, E1) such that D(E0, E1) ∼= km,
is equivalent to H0((∆m

k )pretr); moreover (∆m
k )pretr, together with a chosen equivalence

H0((∆m
k )pretr) ∼→ D, is an enhancement of D. Finally, we may state the announced

dg-lift uniqueness theorem.

Theorem 5.13. Let D and D′ be algebraic triangulated categories, and assume that D
admits a two-term strong and full exceptional sequence (E0, E1) such that D(E0, E1) ∼=
km. We suppose that D is enhanced with (∆m

k )pretr and a chosen equivalence of triangu-
lated categories ε : H0((∆m

k )pretr) ∼→ D, and we let (B, η) be an arbitrary dg-enhancement
of D′. Then, the map

(ε−1)∗η∗H0(−) : [(∆m
k )pretr,B] −→ [D,D′] (5.1)

is injective (here H0(−) denotes the functor Ho(dgcatk)→ [Catk])1.
In particular, if an exact functor F : D → D′ admits a dg-lift F̂ with respect to the

enhancements ((∆m
k )pretr, ε) and (B, η), then F̂ is uniquely determined as a quasi-functor.

The above theorem has an immediate corollary, if D admits a strongly unique en-
hancement. This is the case, for instance, if the exceptional sequence (E0, E1) is such
that D(E0, E1) ∼= k2: with this assumption, D is equivalent to the category Db(P1(k)),
and Theorem 5.3 applies.

Corollary 5.14. Let D,D′ and F be as in Theorem 5.13, with the additional assumption
that D has a strongly unique enhancement. Let (A, ε) and (B, η) be arbitrary enhance-
ments respectively of D and D′. Then, the map

(ε−1)∗η∗H0(−) : [A,B] −→ [D,D′] (5.2)
1See diagram (2.10) for the characterization of this functor. With a little abuse of notation, we write

[−,−] even for [Catk](−,−).



72 CHAPTER 5. DG-ENHANCEMENTS AND DG-LIFTS

is injective.
In particular, any dg-lift F̂ of F , with respect to any enhancements of D and D′, is

uniquely determined.

Remark 5.15. The hypothesis of strong uniqueness is necessary to achieve a “natural”
proof of the above result.

The choice of the enhancement (∆m
k )pretr of D is instrumental in proving Theorem

5.13. In fact, recalling Theorem 4.25, we are led to consider the diagram

[(∆m
k )pretr,B] [H0((∆m

k )pretr), H0(B)]
H0(−) //

[∆m
k ,B]

L(J)∗

��
[∆m

k , H
0(B)],

P (H0(J))∗

��
H0(−) //

(5.3)

whose commutativity follows directly from the commutativity of (2.10). Now, it is clear
that Theorem 5.13 is equivalent to the injectivity of

H0(−) : [(∆m
k )pretr,B]→ [H0((∆m

k )pretr), H0(B)]. (5.4)

But the map L(J)∗ : [(∆m
k )pretr,B] → [∆m

k ,B] is bijective, so to conclude it is sufficient
to prove the following:

Proposition 5.16. The map H0(−) : [∆m
k ,B]→ [∆m

k , H
0(B)] is bijective.

Proof. Surjectivity follows directly from Lemma 5.12, so let us concentrate on injectivity.
Let F̂ and Ĝ be quasi-functors ∆m

k → B. Since ∆m
k is cofibrant, there exist two dg-

functors F,G : ∆m
k → B such that F̂ = L(F ) and Ĝ = L(G), and by Corollary 2.24

L(F ) = L(G) if and only if F ∼= G in D((∆m
k )op⊗B), where F and G are the dg-functors

defined from F and G by formula (2.15). Now, suppose that H0(F̂ ) ∼= H0(Ĝ), that is,
H0(F ) ∼= H0(G). To simplify the notations, we set

F (0) := A0, F (1) := A1, G(0) := B0, G(1) := B1,

and
F (e`) := f`, G(e`) := g`,

for ` = 1, . . . ,m. By hypothesis, there are two closed degree 0 morphisms t0 : A0 →
B0 and t1 : A1 → B1 such that [t0], [t1] are isomorphisms in H0(B), and degree −1
morphisms h` : A0 → B1 such that

t1f` − g`t0 = dh`

for ` = 1, . . . ,m.
Our aim is to show that F ∼= G. To this purpose, it is sufficient to find a dg-functor

F ′ : ∆m
k → B together with two (closed, degree 0) natural transformations

F
α←− F ′ β−→ G
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such that [α♦] and [β♦] are isomorphisms in H0(B), for ♦ = 0, 1. In fact, α and β induce
morphisms

F
α←− F ′ β−→ G,

defined in a natural way (for instance, α(♦,B) = (α♦)∗ : B(B,F ′(♦))→ B(B,F (♦))), and
by Proposition 1.12 both α and β are levelwise quasi-isomorphisms, that is, isomorphisms
in D((∆m

k )op ⊗ B).
So, let us construct F ′, α and β. Clearly, it is sufficient to define F ′ on objects and

on the morphisms e`, making sure that F ′(e`) is closed and of degree 0, and then extend
by linearity. Recalling that Z0(B) admits finite direct sums (B is pretriangulated: they
are obtained as cones of zero morphisms), we set

F ′(0) := A0, F ′(1) := A1 ⊕N,

where N :=
⊕m

`=1C(1A0) (we denote, as usual, by j, p, i, s the canonical maps associated
to C(1A0)). Moreover, adopting matrix notation, we define

F ′(e`) :=
(
f`
n`

)
: A0 → A1 ⊕N ;

n` is the morphism A0 → N which is 0 on every component except for the `-th one,
where it is defined to be the canonical inclusion map j:

n` =



0
...
0
j
0
...
0


.

F (e`) is a closed degree 0 morphism, since its components are such. Next, we define α
and β. Our aim is to make the diagrams

A0 A1 ⊕N

(
f`
n`

)
//

A0

α0

��
A1

α1

��f` //

(5.5)
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and

A0 A1 ⊕N

(
f`
n`

)
//

B0

β0

��
B1

β1

��g` //

(5.6)

commute for all ` = 1, . . . ,m. Then, we set

α0 := 1A0 , α1 :=
(
1B 0

)
,

β0 := t0, β1 :=
(
t1 v

)
,

where v is the morphism N → B1 whose `-th component is −d(h`s); notice that α♦ and
β♦ are closed degree 0 morphisms (♦ = 0, 1). Since N is isomorphic to the zero object in
H0(B) (Proposition 4.7), it is clear that [α♦] and [β♦] are isomorphisms in H0(B). Now,
the commutativity of (5.5) is immediate, and that of (5.6) is a direct computation:(

t1 v
)(f`

n`

)
− g`t0 = t1f` − g`t0 − d(h`s)j

= d(h`)− d(h`s)j
= d(h`)− d(h`)sj + h`(ds)j
= d(h`)− d(h`)− h`1(A0,1,0)pj

= 0,

recalling (4.4) and (4.5). Hence, the proof is complete.

Let us show how the theory of dg-lifts applies to the study of the functor ΦX→Y
− .

We suppose that X and Y are smooth projective varieties, and enhance the categories
Db(X),Db(Y ) and Db(X × Y ) with Lpe(X), Lpe(Y ) and Lpe(X × Y ), as mentioned in
the previous section. With a little abuse of notation, we identify H0(Lpe(X)) = Db(X),
H0(Lpe(Y )) = Db(Y ) and H0(Lpe(X×Y )) = Db(X×Y ). A theorem by Toën in [Toë07]
gives an isomorphism

Iso(Db(X × Y )) ∼−→ [Lpe(X), Lpe(Y )]; (5.7)

now, it can be seen that the functorial map H0(−) actually sends [Lpe(X), Lpe(Y )] to
the set of isomorphism classes of exact functors Iso(Funex(Db(X),Db(Y ))). Hence, we
may consider the composition:

Iso(Db(X × Y )) ∼−→ [Lpe(X), Lpe(Y )] H
0(−)−→ Iso(Funex(Db(X),Db(Y ))). (5.8)

The following result, pointed out by Toën in the same work [Toë07], is the fundamen-
tal link between the problem of dg-lifts for exact functors Db(X) → Db(Y ) and the
existence-uniqueness problem of Fourier-Mukai kernels.
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Theorem 5.17. The above composition (5.8) is exactly the map

Iso(ΦX→Y
− ) : Iso(Db(X × Y ))→ Iso(Funex(Db(X),Db(Y ))) (5.9)

induced by ΦX→Y
− on isomorphism classes.

We immediately obtain the following important corollary:

Corollary 5.18. ΦX→Y
− is essentially injective (resp. essentially surjective) if and only

if the map
H0(−) : [Lpe(X), Lpe(Y )] −→ Iso(Funex(Db(X),Db(Y ))) (5.10)

is injective (resp. surjective).
In other words, an exact functor F : Db(X) → Db(Y ) admits a (unique) Fourier-

Mukai kernel if and only if it admits a (unique) dg-lift with respect to the enhancements
Lpe(X) and Lpe(Y )2.

Thanks to the above corollary, the uniqueness and non-uniqueness results of Fourier-
Mukai kernels proved by Canonaco and Stellari (see [CS11b]) give directly uniqueness
and non-uniqueness results of dg-lifts, and vice-versa. For instance, if k is algebraically
closed and X = Y is an elliptic curve, then uniqueness of Fourier-Mukai kernels is
false, and so is uniqueness of dg-lifts. Also, it is worth mentioning that in the case
X = P1(k), the uniqueness theorem of kernels ([CS11b, Proposition 2.4]) is equivalent
to a special case of Corollary 5.14, namely, when D = Db(P1(k)) and D′ = Db(Y ).
Thus, we may see our uniqueness theorem of dg-lifts as an abstract generalization of the
aforementioned (geometric) result. We remark that when X = Pn(k) for some n > 1,
it is unknown whether Fourier-Mukai kernels are unique or not; recalling Beilinson’s
theorem, this motivates us in finding whether Theorem 5.13 holds true or false when
the domain category has a strong and full exceptional sequence of length greater than
2. Our hope is that the development of the abstract theory will eventually lead to an
answer.

To conclude the section, let us say two words about the existence problem. We
already mentioned Orlov’s theorem, which ensures the existence of Fourier-Mukai kernels
for fully faithful functors Db(X)→ Db(Y ); the general problem (about kernels) remains
unsolved, save for the trivial cases when X or Y is a point. Corollary 5.18 then tells us
that the existence problem of dg-lifts is also completely open, even for categories of this
geometric kind.

5.3 Conclusive remarks
The general problem of existence and uniqueness of dg-lifts is clearly contained in the
study of the surjectivity and the injectivity of the natural map

H0(−) : [A,B] −→ [H0(A), H0(B)] (5.11)
2By strong uniqueness, this is true if we replace Lpe(X) and Lpe(Y ) with arbitrary enhancements.
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induced by the functor H0(−) : Ho(dgcatk) → [Catk], where A and B are arbitrary
dg-categories. Introducing new theoretical tools, we are able to outline an approach
to the problem which, hopefully, leads to another proof of Proposition 5.16, and hence
of Theorem 5.13. The tool we need is the dg-category RHom(A,B) (for given dg-
categories A, B), which roughly speaking is a dg-category of “weak” dg-functors A → B;
its definition and properties are reported in [Toë08] and [Kel06]. It is strictly related to
the category Ho(dgcatk), in fact there is a natural bijection

Iso(H0(RHom(A,B))) ∼−→ [A,B]. (5.12)

Another important result is the existence of a natural equivalence

H0(RHom(A,B)) ∼−→ H0(Fundg(A,B))[Σ−1], (5.13)

where Σ is the set of (homotopy classes of) natural transformations t of dg-functors
A → B such that tA is an isomorphism in H0(B) for all A ∈ A.

If we consider the natural functor

H0(−) : H0(Fundg(A,B)) −→ Funk(H0(A), H0(B))

(Funk(−,−) denotes the category of k-linear functors) we see immediately that it sends
morphisms in Σ to isomorphisms, thus giving rise to

H0(−) : H0(Fundg(A,B))[Σ−1] −→ Funk(H0(A), H0(B)). (5.14)

Then, recalling (5.12) and (5.13), the problems of existence and uniqueness of dg-lifts
are equivalent respectively to the essential surjectivity and the essential injectivity of the
above functor (5.14). Now, suppose that A = ∆1

k; then, Fundg(∆1
k,B) is isomorphic to

the dg-category Mors B introduced in Section 4.3, and Funk(∆1
k, H

0(B)) is isomorphic
to MorH0(B). We view these isomorphisms as identifications. The following result has
a tricky proof which we don’t include here, but holds true:

Proposition 5.19. H0(MorB), together with the natural functor H0(I) : H0(Mors B)→
H0(MorB) (see (4.32)), is a localization of Mors B along Σ.

Now, recall the natural functor F : H0(MorB) → MorH0(B), which by Theorem
4.28 is essentially bijective. Clearly, the diagram

H0(Mors B)[Σ−1] MorH0(B)
H0(−) //

H0(MorB)
��

F

66lllllllllllllllllll

is commutative, where the vertical map is the isomorphism induced by H0(I). Hence,
the essential bijectivity of F implies the essential bijectivity of the functor

H0(−) : H0(Mors B)[Σ−1] −→ MorH0(B),
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which, under the above identifications, is exactly (5.14) with A = ∆1
k. Putting all

together, we have just recovered Proposition 5.16 in the special casem = 1, even without
assuming that B is pretriangulated.

Our hope is that the above approach works even for arbitrarym. In fact, the category
Fundg(∆m

k ,B) can be identified with the “generalized stupid dg-category of morphisms”
Mors

(m)(B), with objects given by m-tuples of closed degree 0 morphisms (A,B, f)
(f = (f1, . . . , fm), fi : A → B for all i = 1, . . . ,m) and such that a degree n morphism
(A,B, f) → (A′, B′, f ′) is a couple (u, v), where u : A → A′, v : B → B′ are degree
n morphisms, and vfi = f ′iu for all i; compositions and differentials are defined com-
ponentwise. With a similar construction, we obtain the category Mor(m)H0(B), which
is identified with Funk(∆m

k , H
0(B)). Then, we are led to generalize also MorB to the

dg-category Mor(m) B, which is defined as follows. The objects of Mor(m) B are m-tuples
of closed degree 0 morphisms (A,B, f), and a degree n morphism (A,B, f)→ (A′, B′, f ′)
is a triple (u, v, h), where h = (h1, . . . , hm), such that

u : A→ A′, v : B → B′, hi : A→ B′,

with deg u = deg v = n and deg hi = n − 1 for all i = 1, . . . ,m. Composition of two
triples (u, v, h) and (u′, v′, h′) is defined by

(u′, v′, h)(u, v, h) := (u′u, v′v, h′u+ v′h),

where h′u := (h′1u, . . . h′mu), v′h := (v′h1, . . . , v
′hm) and the sum h′u + v′h is intended

componentwise. The differential of a triple (u, v, h) : (A,B, f)→ (A′, B′, f ′) of degree n
is given by

d(u, v, h) := (−du, dv, dh+ f ′u− (−1)nvf),
where dh := (dh1, . . . , dhm). Now, Theorem 4.28 generalizes directly, essentially with
the same proof, giving an essentially bijective functor

F
(m) : H0(Mor(m) B) −→ Mor(m)(H0(B)); (5.15)

moreover, it is clearly defined the analogue of (4.32), that is, the dg-functor

I(m) : Mors
(m)(B) −→ Mor(m) B, (5.16)

which is the identity on objects and sends a morphism (u, v) to (u, v, 0), where 0 =
(0, . . . , 0). Our hope is that the analogue of Proposition 5.19 holds, namely:

Conjecture 5.20. H0(Mor(m) B), together with the natural functor

H0(I(m)) : H0(Mors B)→ H0(Mor(m) B)

is a localization of Mors
(m)(B) ∼= Fundg(∆m

k ,B) along Σ.

If we are able to prove the above conjecture, then the arguments outlined above
for ∆1

k give an alternative proof of Proposition 5.16 in the general case. It is evident
that Theorem 4.28 (together with its “m-dimensional” analouge) plays an essential role
in this approach; it would be interesting to study how and to which extent it can be
generalized, hoping to solve the dg-lift uniqueness problem for a wider class of categories.
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